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Preface

Some of the most challenging problems in science and engineering are being
addressed by the integration of computation and science, a research field known
as computational science.

Computational science plays a vital role in fundamental advances in biology,
physics, chemistry, astronomy, and a host of other disciplines. This is through
the coordination of computation, data management, access to instrumentation,
knowledge synthesis, and the use of new devices. It has an impact on researchers
and practitioners in the sciences and beyond. The sheer size of many challenges in
computational science dictates the use of supercomputing, parallel and distribu-
ted processing, grid-based processing, advanced visualization and sophisticated
algorithms.

At the dawn of the 21st century the series of International Conferences on
Computational Science (ICCS) was initiated with a first meeting in May 2001 in
San Francisco. The success of that meeting motivated the organization of the se-
cond meeting held in Amsterdam April 21-24, 2002, where over 500 participants
pushed the research field further.

The International Conference on Computational Science 2003 (ICCS 2003)
is the follow-up to these earlier conferences. ICCS 2003 is unique, in that it was
a single event held at two different sites almost opposite each other on the globe
— Melbourne, Australia and St. Petersburg, Russian Federation. The conference
ran on the same dates at both locations and all the presented work was published
in a single set of proceedings, which you hold in your hands right now.

ICCS 2003 brought together experts from a range of disciplines: mathematici-
ans and computer scientists providing basic computing expertise, and researchers
and scientists from various application areas who are pioneering advanced ap-
plications of computational methods in sciences such as physics, chemistry, life
sciences, engineering, arts and humanities; along with software developers and
vendors. The intent was to discuss problems and solutions in these areas, identify
new issues, and shape future directions for research, as well as help industrial
users apply advanced computational techniques.

Many of the advances in computational science are related to Grid Com-
puting. The Grid has provided a way to link computation, data, networking,
instruments and other resources together to solve today’s complex and critical
problems. As such, it is becoming a natural environment for the computational
sciences. In these proceedings you will find original research in this new era of
computational science and the challenges involved in building the information
infrastructure needed to enable science and engineering discoveries of the future.

These four volumes, LNCS 2657, 2658, 2659 and 2660, contain the procee-
dings of the ICCS 2003 meeting. The volumes consist of over 460 peer-reviewed,
contributed and invited papers presented at the conference in Melbourne, Aus-
tralia and St. Petersburg, Russian Federation. The acceptance rate for oral pre-
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sentations was 40% of the submitted papers. The papers presented reflect the
aim of the scientific organization to bring together major players in the emerging
field of computational science.

The conference included 27 workshops (10 in St. Petersburg and 17 in Aus-
tralia), 6 presentations by Keynote speakers, and over 460 contributed papers
selected for oral presentations and posters. Each paper/poster was refereed by
at least two referees.

We are deeply indebted to all the authors who submitted high-quality papers
to the conference, without this depth of support and commitment there would
have been no conference at all. We acknowledge the members of the program
committee and all those involved in the refereeing process, and the workshop
organizers and all those in the community who helped us to convene a succes-
sful conference. Special thanks go to Dick van Albada, Martin Lack, Zhiming
Zhao and Yan Xu for preparation of the proceedings; they did a marvelous job!
Amitava Datta, Denis Shamonin, Mila Chevalier, Alexander Boukhanovsky and
Elena Stankova are acknowledged for their assistance in the organization and all
those 1001 things that need to be done to make a large (distributed!) conference
like this a success!

Of course ICCS 2003 would not have been possible without the support of our
sponsors, and we therefore gratefully acknowledge their help in the realization
of this conference.

Amsterdam, June 2003 Peter M.A. Sloot,

on behalf of the co-editors:
David Abramson
Alexander Bogdanov

Jack J. Dongarra

Albert Zomaya

Yuriy Gorbachev
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Abstract. A critical problem in Finance Engineering is to value the op-
tion and other derivatives securities correctly. The Monte Carlo method
(MC) is an important one in the computation for the valuation of multi-
asset European option. But its convergence rate is very slow. So various
quasi Monte Carlo methods and there relative parallel computing method
are becoming an important approach to the valuing of multi-asset Eu-
ropean option. In this paper, we use a number-theoretic method, which
is a H-W method, to generate identical distributed point set in order to
compute the value of the multi-asset European option. It turns out to
be very effective, and the time of computing is greatly shortened. Com-
paring with other methods, the method computes less points and it is
especially suitable for high dimension problem.

1 Introduction

The benefit and the risk of derivatives tools are not only influenced by the self
relationship between demands and services, but also rely on the balance of de-
mand and serve of underlying asset. The key problem of the financial project
is how to estimate the value of option and other portfolio properly. Black and
Scholes concluded the precise formula to estimate the value of European call
option and put option[l]. But now the problem of estimating the value of Eu-
ropean option, which is relying on several underlying asset price, is not solved
preferably[1]. At the present time, there are three methods to estimate the value
of option[2]: formulas, deterministic numerical methods and Monte Carlo sim-
ulation. MC method is an important one for estimating the value of European
option. Random numbers are used on lots of disparate routes for sampling, and

* Weimin Zheng,Prof., Present research project: computer architecture, parallel and
distribute process and math finance and so on. This research is supported by a joint
research grant (No:60131160743, N_CityU102/01) of NSFC/RGC.

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 3-9, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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the variables of underlying asset in the world of riskless follow these tracks. We
can calculate the benefit of each route and such benefit discounts due to riskless
rate. This lose and benefit are discount according to riskless rate. Then we use
the arithmetical average value of all benefit after discount as the evaluation of
option. Compared with other methods, MC method is effective if there are sev-
eral variables, because MC method leads to an approximately linear increase in
the computation time when the number of variables grows, while most of other
methods lead to an exponential increase. In the MC method, samples must be
done on the route of every variable in each simulation. For example, in a sim-
ulation, N samples are obtained from multi-dimension standard normal school.
Then on one of simulative routes for the estimating the value of option relying
on n variables, there are N samples needed. To estimate accurately, both the
number of execution of simulation and the number of samples N are large. Be-
cause the convergence rate of MC is quite slow, when the number of variables n
is also large, some methods, such as tens and hundreds, O(n_1/2) are needed to
deal with N sample routes, and the compute load goes beyond the capacity of a
single computer. Therefore Parallel computing method and quasi Monte Carlo
method are used widely to solve the problems|2][3][4][5][6].

Many researches have been done aboard. Paskov brought forward the method
of generating quasi MC sequence of Soblo and Halton to estimate the value of
Furopean option relying on several variables, and they compared the perfor-
mance of these two methods[7]; Pagageorgiou and Traub selected a quasi MC
method, which is faster than MC method and uses less sample points, to solve
a problem of European option relying on 360 variables[8].In addition, Acworth
compared several MC methods and quasi MC methods detailedly, and concluded
that quasi MC method is better than normal MC method[4]. In [3], a quasi MC
method called (t,m,s)-net method is selected to estimate the value of European
option of underlying asset. In this paper, we introduce NTM and select H-W
(HUA Luogeng - WANG Yuan) method to generate consistent distributed point
set to estimate the value of European option of several underlying asset, and
make out satisfying result in little time.

2 Model of Estimating The Value of European Option of
Multiple Assets

We consider how to evaluate the value of European option with multiple statuses.
The value of its derivatives securities relies on the N statuses variable, such as
the price and elapsed time 7 of the discount of ventual asset. Suppose S; (i =
1,2,---,n) as the value of underlying asset_I and V(Si,Se, --,S,,7) as the
value of derivatives securities. According to the Black-Scholes equation, we can
acquire the patiel diferebtial coeflicients equation of estimating the derivatives
securities value of European option of several variables|[1]:
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OV 1= Vv "9V

gr _ 2 . ) T

5y 2;;,01]01(5 Jasas +WZBS —V,0< S1,---,8, <oo,7 € (0,T)
(1)

and p;j, (1,7 =1,2,---,n) is the relative coefficient, a known constant. o; > 0 is
volatility of underlying asset. > 0 is riskless rate. Both o; and r are constants.
Suppose S = (S1, 52, -+, S,)T as the asset price vector at current time . V' (S, 1)
is meant to represent V(S1, Sa, -+, Sp, 7) and St is meant to represent the asset
price vector at expire time 7. The boundary condition is:

V(St,0) = max(X — max(Sy,---,Sn),0)

Here X is the strike price. For European call option, the boundary condition

V(ST, 0) is

Cin (5, 0)=max(min(Sy,---,S,) — X,0) (2)
And for European put option, the boundary condition V' (S7,0) is

{ CmaX(S, O)Zmax(max(sla Ty Sn) - X, 0)

Prax (S, 0)=max(X — max(S1,--+,S,),0) (3)
Pain (S, 0)=max(X — min(Sy,---,S,),0)

To estimate the value of European option of several status variables, the
equation(1) can be induced to multi-integral problem[5]:

V(S,7) = e / / / (Sp: S, 7)dSy )

xXp(— Wz?R Wr) (5)

Here:

St; S,
(Sr; Sim) = (277) % Vdet RO’ST

is the transform density function of several variables, where

lnST — SAl lnST - Sn
W = 1 6
T ( 0_1\/7—_ ) ) 0_"\/— > ( )
. o . n n
Sizlnsi—i—(’l"—?)T,Z:l, 5 N, ZaS_HSTi (7)

i=1 i=1

R = (pzy)nxnvpzz =1 and when i # j,p;; € (0,1)

3 The Parallel Strategy and Algorithm

3.1 NTM Method

NTM is the derivation of numeric theory and proximate analysis. In fact it is also
a kind of quasi MC method. The key problem of computing approximately the
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multi-integral on S- dimension unit cube C* using NTM method is how to obtain

the symmetrically distributed points set on C*. Assume P,, = {cén), k=1,---,n}
as a points set on C®. If it is a NT-nets on C®, in the other word, it has low
difference(3], I(f) can be approached by :

S e (8)

k=1

S|

n
I(f, Pn) =

Therefore, how to conclude the best quadrature formula is equivalence to
how to find the best consistent distributed point set. In the reference[9], Korobov
put forward the method to find the best consistent distributed point set, and the
error rate is O(n~!(logn)*), Considered at the point of view of approximation,
the result of Korobov method is a existence theorem, so it is difficult to solve
real problems using this method. Therefore HUA Luogeng and WANG Yuan (
called H-W method) brought up a method that obtains net point aggregation
using partition round region[9], which is called H-W method, and the error rate
is O(n*%*ﬁ“), H-W method obtains symmetrically distributed points set
by this way:

({4 o

Here, p is a prime number and p > 2n + 3, {z} is meant to represent the
fraction part of x. By the means of v;(1 < i < s rational number approach defined
at (9), H-W method brought forward a method obtaining net point aggregation,
which is called partition round region method[3]. Here we use the algorithm of
parallel computing, combining the method of numeric theory, to resolve the high
dimension integral problem in estimate the value of European option.

3.2 Method Comparison

For the European option of several assets, the number of assets is normally to be
tens, or even hundreds. Therefore the multi-integral to compute is tens-integral,
or even hundreds-integral. At present the method to compute multi-integral is
approximate enumeration, and the quality of solution relies on the large num-
bers of points set. As the scale of problem and the quality of solution increase,
the computing time increases. Sometimes, because the increase of computing di-
mension or the scale of problem often overwhelms the time restriction easily, the
method would loose its feasibility. For example, sometimes we change the multi-
integral to overlapped integral of single integral on [0,1], then apply the formula
on single integral in turns. But this traditional method is not feasible sometimes.
For example, Simpson formula, the error rate is O(n~2/%) , and the convergent
rate is O(n~'/2) , When s is some of large, the number of approximate com-
puting point increases quickly. Another MC method of formatting quadrature
formula is to transform the analytic problem to a probability problem with the
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same solution,
1 n
=23 fw)
i=1

then study this probability problem by statistical simulation. The error rate of
this method is O(n~'/2?) and is better than O(n~'/%) The convergent rate is ir-
respective to the number of dimensions, but it is very slow, just Oy/In(in(n))/n
The efficiency of MC method is not nice, and only when n is very large, I(f,n)
can obtain the satisfied approached result. So in order to increase the convergent
rate and reduce the scale of computing, a lot of quasi MC methods emerge as the
times require[3][4]. Especially as the NTM develops, the method of computing
multi-integral develops quickly. The points set of C'* obtained by NTM is more
even, less point number and less computation than by MC method.

3.3 Parallel Computing of NTM

When we use parallel method to compute equation (4), we first make the problem
discrete, then divide the compute task into several parts averagely and distribute
them to corresponding processor to do. Equation (4) changes to:

Vs :e_rt/o‘”.../om Q(Sr: S, 7)dSr (10)

where

exp (—sWER'Wr)
(2n7) % /det RSt

Q(ST;S, T) = V(ST,O)LP(ST;S, T) = V(ST,O) (11)
V(Sr,0) = max(X — max(Sp,,---,Sr,),0) (12)

Suppose {0;} = {(61,---,0,)}, AT =T/M,AS = a/N, (T is the expire time,
a is strike price) After making discrete,equation (8) changes to

kA -
Vig = V(iAS, EAt) = V(i AS, -+, in AS, kAT) = explrkAr) 3" Q(ab;:iAS, kA7)
7=1

(13)

Here N is the number of sample points in each status. The value of derivatives
securities at some time for different asset can be obtained by equation (13). The
cluster can deal with the problem of dividing the compute grid point easily and
apply on parallel compute of equation (13).

4 Experiment Result and Conclusion

We use MPI environment in cluster system. When the number of dimension is
certain, the grid point can be generated ahead, be stored in a file and be read
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out when needed. But when the number of dimension is some of large, the file
generated is very large, so it must be divided into several parts in the parallel
environment of cluster system. Therefore each processor generates NT-net grid
points parallel and deals with the computation of data generated by itself. After
each processor finished the computation of itself, we collect the result. In the
process of parallel computation, there is nearly not data communication. We
take the computation of estimating the value of 50 assets option for an example,
the parameter is selected as [3]. The computation result is also similar with
this paper. Table 1 lists the speedup using different number of processors on
“Tsinghua TongFang Explorer 108 Cluster System”.

Table 1. Speedup in different number of processors

Number of Processor 1 2 4 6 8 12
Speedup(Sp) / 189 3.67 534 6.83 9.96

At present, when the number of assets, which is relied on by European option,
is very large, such as tens or hundreds, if we need to get a precise result, the
number of execution and the number of sample N are some of large. Common
MC methods can not match the time restriction. In this paper, NTM is selected.
H-W method generates consistent distributed points set to estimate the value of
FEuropean option of several underlying assets, and obtains satisfied result, with
advanced algorithm and short computing time. We conclude that the method is
suited for high dimension computation.
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Abstract. The fuzzy set is a powerful tool used to describe an uncertain
financial environment in which not only the financial markets but also
the financial managers’ decisions are subject to vagueness, ambiguity or
some other kind of fuzziness. Based on fuzzy decision theory, two portfo-
lio rebalancing models with transaction costs are proposed. An example
is given to illustrate that the two linear programming models based on
fuzzy decisions can be used efficiently to solve portfolio rebalancing prob-
lems by using real data from the Shanghai Stock Exchange.

1 Introduction

In 1952, Markowitz [8] published his pioneering work which laid the foundation
of modern portfolio analysis. It combines probability theory and optimization
theory to model the behavior of economic agents under uncertainty. Konno and
Yamazika [5] used the absolute deviation risk function, to replace the risk func-
tion in Markowitz’s model thus formulated a mean absolute deviation portfolio
optimization model. It turns out that the mean absolute deviation model main-
tains the nice properties of Markowitz’s model and removes most of the principal
difficulties in solving Markowitz’s model.

Transaction cost is one of the main sources of concern to portfolio managers.
Arnott and Wagner [2] found that ignoring transaction costs would result in
an inefficient portfolio. Yoshimoto’s emperical analysis [12] also drew the same
conclusion. Due to changes of situation in financial markets and investors’ pref-
erences towards risk, most of the applications of portfolio optimization involve
a revision of an existing portfolio, i.e., portfolio rebalancing.

Usually, expected return and risk are two fundamental factors which investors
consider. Sometimes, investors may consider other factors besides the expected

* Supported by NSFC, CAS, City University of Hong Kong and MADIS.
** Corresponding author
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return and risk, such as liquidity. Liquidity has been measured as the degree of
probability involved in the conversion of an investment into cash without any
significant loss in value. Arenas, Bilbao and Rodriguez [1] took into account three
criteria: return, risk and liquidity and used a fuzzy goal programming approach
to solve the portfolio selection problem.

In 1970, Bellman and Zadeh [3] proposed the fuzzy decision theory. Ra-
maswamy [10] presented a portfolio selection method using the fuzzy decision
theory. A similar approach for portfolio selection using the fuzzy decision theory
was proposed by Ledn et al. [6]. Using the fuzzy decision principle, Ostermark
[9] proposed a dynamic portfolio management model by fuzzifying the objective
and the constraints. Watada [11] presented another type of portfolio selection
model using the fuzzy decision principle. The model is directly related to the
mean-variance model, where the goal rate (or the satisfaction degree) for an ex-
pected return and the corresponding risk are described by logistic membership
functions.

This paper is organized as follows. In Section 2, a bi-objective linear pro-
gramming model for portfolio rebalancing with transaction costs is proposed. In
Section 3, based on the fuzzy decision theory, two linear programming models
for portfolio rebalancing with transaction costs are proposed. In Section 4, an
example is given to illustrate that the two linear programming models based on
fuzzy decisions can be used efficiently to solve portfolio rebalancing problems by
using real data from the Shanghai Stock Exchange. A few concluding remarks
are finally given in Section 5.

2 Linear Programming Model for Portfolio Rebalancing

Due to changes of situation in financial markets and investors’ preferences to-
wards risk, most of the applications of portfolio optimization involve a revision
of an existing portfolio. The transaction costs associated with purchasing a new
portfolio or rebalancing an existing portfolio have a significant effect on the in-
vestment strategy. Suppose an investor allocates his wealth among n securities
offering random rates of returns. The investor starts with an existing portfolio
and decides how to reconstruct a new portfolio.

The expected net return on the portfolio after paying transaction costs is
given by

n

er(m%xj717;)*21)(;;”;) o

j=1
where 7; is the expected return of security j, xg-) is the proportion of the security
j owned by the investor before portfolio reblancing, x;r is the proportion of the

security j bought by the investor, x; is the proportion of the security j sold
by the investor during the portfolio rebalancing process and p is the rate of
transaction costs.

Denote z; = x? + x;' —z;,j =12, n The semi-absolute deviation of

return on the portfolio x = (z1, 22, -, 2,) below the expected return over the
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past period t, t =1,2,---,T can be represented as

n

wi(z) = |min{0, Y (rjs — 7))z, }|- (2)

j=1

where 7;; can be determined by historical or forecast data.
The expected semi-absolute deviation of the return on the portfolio z =

(x1, 29, -+, 2,) below the expected return can be represented as
1 T 1 T n
wie) = 2 Y wie) = 7 3 (minf0, Y (e — 7). (3)
t=1 t=1 j=1

Usually, the anticipation of certain levels of expected return and risk are two
fundamental factors which investors consider. Sometimes, investors may wish to
consider other factors besides expected return rate and risk, such as liquidity.
Liquidity has been measured as the degree of probability of being able to convert
an investment into cash without any significant loss in value. Generally, investors
prefer greater liquidity, especially since in a bull market for securities, returns
on securities with high liquidity tend to increase with time. The turnover rate
of a security is the proportion of turnover volumes to tradable volumes of the
security, and is a factor which may reflect the liquidity of the security. In this
paper, we assume that the turnover rates of securities are modelled by possibility
distributions rather than probability distributions.

Carlsson and Fullér [4] introduced the notation of crisp possibilistic mean
(expected) value and crisp possibilistic variance of continuous possibility distri-
butions, which are consistent with the extension principle. Denote the turnover
rate of the security j by the trapezoidal fuzzy number [; = (la;, Ib;, oij, 3;). Then

(LN
the turnover rate of the portfolio = (z1, 22, -+, 2,) is Y. [;. By the definition,
j=1

the crisp possibilistic mean (expected) value of the turnover rate of the portfolio
x = (x1,22, -+, 2T,) can be represented as

B(i(e)) = B fay) = 3 (U a Bz, (@
j=1

J=1

Assume that the investor does not invest the additional capital during the port-
folio rebalancing process. We use w(x) to measure the risk of the portfolio and
use the crisp possibilistic mean (expected) value of the turnover rate to measure
the liquidity of the portfolio. Assume the investor wants to maximize return on
and minimize the risk to the portfolio after paying transaction costs. At the same
time, he requires that the liquidity of the portfolio is not less than a given con-
stant through rebalancing the existing portfolio. Based on the above discussions,
the portfolio rebalancing problem is formulated as follows:
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where [ is a given constant by the investor and u; represents the maximum

proportion of the total amount of money devoted to security j,j € S.
Eliminating the absolute function of the second objective function, the above

problem can be transformed into the following problem:

n n
max j;l (29 + a2 —a)) - J; plz] +a7)
. 1 T
min 7 >y
t=1
n
s.t. Zl(% + By, >,
]:
n
(P2) Yy + Z(rjt —rj)z; >0,t=1,2,---,T,
>y =1,
j=1
x]:x(j)+xj_xj_7]:172v , 1,
O<x+<uj7j:1>27 )y 1,
Yt Zoat:1727"'7T'

where [ is a given constant by the investor.

The above problem is a bi-objective linear programming problem. One can
use several algorithms of multiple objective linear programming to solve it effi-
ciently.

3 Portfolio Rebalancing Models Based on Fuzzy Decision

In the portfolio rebalancing model proposed in above section, the return, the risk
and the liquidity of the portfolio are considered. However, investor’s satisfactory
degree is not considered. In financial management, the knowledge and experience
of an expert are very important in decision-making. Through comparing the
present problem with their past experience and evaluating the whole portfolio
in terms of risk and liquidity in the decision-making process, the experts may
estimate the objective values concerning the expected return, the risk and the
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liquidity. Based on experts’ knowledge, the investor may decide his levels of
aspiration for the expected return, the risk and the liquidity of the portfolio.

3.1 Portfolio Rebalancing Model with Linear Membership Function

During the portfolio rebalancing process, an investor considers three factors (the
expected return, the risk and the liquidity of the portfolio). Each of the factors
is transformed using a membership function so as to characterize the aspiration
level. In this section, the three factors are considered as the fuzzy numbers with
linear membership function.
a) Membership function for the expected return on the portfolio
0 if E(r(x)) <ro
pr() = ¢ B0 ¢ g < Br(x)) <1y
it E(r(x)) >n
where ry represents the necessity aspiration level for the expected return on the
portfolio, r; represents the sufficient aspiration level for the expected return of
the portfolio.
b) Membership function for the risk of the portfolio

1 if w(z) < wo
() = ui;%“;(}f) if wy <w(z) <un
0 if w(z) >w

where wg represents the necessity aspiration level for the risk of the portfolio,
wy represents the sufficient aspiration level for the risk of the portfolio.
¢) Membership function for the liquidity of the portfolio

0 if E(i(z)) <o
piw) = § EEA= i by < B(i(@) <1y
1 if E(i(z) >0

where [ represents the necessity aspiration level for the liquidity of the portfolio,
l1 represents the sufficient aspiration level for the liquidity of the portfolio.
The values of 7o, 71, wg, wi, lp and [y can be given by the investor based on
the experts’ knowledge or past experience. According to Bellman and Zadeh’s
maximization principle, we can define A = min{ (), ptw (), p; ()}

The fuzzy portfolio rebalancing problem can be formulated as follows:

max A

s.t IUJT(‘T)EA7
pw(z) = A,
.u[(x = A
n

(P3) 2. =1,

Jj=1
xj:ngrx;rfx;,]—l,Zu N,
O<SC;FSUJ,]—1,2, N,
0<u; <$?,j—1,2, -en,
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Furthermore, the fuzzy portfolio rebalancing problem can be rewritten as
follows:

max \
n n
st 3wy — 3 p(af + ;) = My — o) + o,
j=1 j=1
71 . J
T 2 Yt < w1 — Awr — wo),
t=1
n
32 (g 4 B > Al = Do) + o,
J=
n
(P4) ye+ 2o (rje —rj)e; >0, =1,2,---. T,
j=1
n
>z =1,
j=1
T, :ngrxjij_,j:l’Q, o,
0<z) <ujj=1,2--,n,
ngﬂ_ SZU?,j:1,2,'~ 1
Yt Z O? = 172a "7Ta
0<\<1

where 79, 71, lg, l1, wy and w; are constants given by the investor based on the
experts’ knowledge or past experience.

The above problem is a standard linear programming problem. One can use
several algorithms of linear programming to solve it efficiently, for example, the
simplex method.

3.2 Portfolio Rebalancing Model with Non-linear Membership
Function

Watada [11] employed a logistic function for a non-linear membership function
flz) = m. We can find that a trapezoidal membership function is an
approximation from a logistic function. Therefore, the logistic function is con-
sidered much more appropriate to denote a vague goal level, which an investor
considers.

Membership functions p,(x), jw(z) and p;(z) for the expected return, the
risk and the liquidity on the portfolio are represented respectively as follows:

1
pr () = 1+ exp(—a(E(r(z)) —ram))’ o
1
Hol®) = 77 exp(on (w(z) —war))’ Y
() 1 v

1+ eap(—a(E(I(z)) — lr))
where a,., a,, and a; can be given respectively by the investor based on his own

degree of satisfaction for the expected return, the level of risk and the liquidity.
rar, wyr and [y represent the middle aspiration levels for the expected return,
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the level of risk and the liquidity of the portfolio respectively. The value of ry/,
wys and 7 can be gotten approximately by the values of rg, r1, wg, wy, Iy and
ll, i.e. TV = %, wprr = % and l]w = %
Remark: «,, a,, and o; determine respectively the shapes of membership func-
tions pi, (), pw (x) and p;(x) respectively, where o > 0,y > 0 and oy > 0. The
larger parameters o, a,, and «; get, the less their vagueness becomes.
The fuzzy portfolio rebalancing problem can be formulated as follows:

max 7
s.t. up(x) >,

pw () 2 1,

pi(x) = n,

(P5) > r=1,
7j=1

T :x?—i—x;' —xj_,j =1,2,--- n,
0<z] <uyj=1,2,---,n,
ngj_ gx?,jz 1,2,---.n,
0<n<1
Let 0 = logﬁ, then n = m. The logistic function is monotonously
increasing, so maximizing 1 makes # maximize. Therefore, the above problem
may be transformed to an equivalent problem as follows:
max 6

n n
s.t. QT(Z Tix; — le(xj er]_)) — 0> apry,

J=

j=1
T

04+ S >y < g,
t=1

n
laj+1b; Bj—ay
(a7} 2(—]2 = +—]6 ]).ijazozllM,
J=
n

(P6) yt+ Z(’r]t —7"7).’1,'7 Z07t: 17277Ta

Jj=1

szngrx;'fx;,]:l,Z S,
O<xj+§ué,j:1,2, S,
O<SC7 Sx]?.]:]‘?27 Ty M,
ytzoat:172a "7Ta

0>0

where «,, a,, and «; are parameters which can be given by the investor based
on his own degree of satisfaction regarding the three factors.

The above problem is also a standard linear programming problem. One can
use several algorithms of linear programming to solve it efficiently, for example,
the simplex method.

Remark: The non-linear membership functions of the three factors may change
their shape according to the parameters .., a,, and «;. Through selecting the
values of these parameters, the aspiration levels of the three factors may be de-
scribed accurately. On the other hand, deferent parameter values may reflect
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deferent investors’ aspiration levels. Therefore, it is convenient for deferent in-
vestors to formulate investment strategies using the above portfolio rebalancing
model with non-linear membership functions.

4 An Example

In this section, we give an example to illustrate the models for portfolio rebal-
ancing based on fuzzy decision as proposed in this paper. We suppose that an
investor wants to choose thirty different types of stocks from the Shanghai Stock
Exchange for his investment.

The rate of transaction costs for stocks is 0.0055 in the two securities markets
on the Chinese mainland. Assume that the investor has already owned an ex-
isting portfolio and he will not invest the additional capital during the portfolio
rebalancing process. The proportions of the stocks are listed in Table 1.

Table 1. The proportions of stocks in the existing portfolio
Stock 1 2 3 4 5 6 7
Proportions 0.05 0.08 0.05 0.35 0.10 0.12 0.25

Suddenly, the financial market situation changes, and the investor needs to
change his investment strategy. In the example, we assume that the upper bound
of the proportions of Stock j owned by the investor is 1. Now we use the fuzzy
portfolio rebalancing models in this paper to re-allocate his assets. At first, we
collect historical data of the thirty kinds of stocks from January, 1999 to January,
2002. The data are downloaded from the website www.stockstar.com. Then we
use one month as a period to get the historical rates of returns of thirty-six
periods. Using historical data of the turnover rates of the securities, we can
estimate the turnover rates of the securities as the trapezoidal fuzzy numbers.

In the following, we will give two kinds computational results according to
whether the investor has a conservative or an aggressive approach.

At first, we assume that the investor has a conservative and pessimistic mind.
Then the values of rg, r1, ly, l1, wg, and wy which are given by the investor may
be small. They are as follows: 7o = 0.028, 1 = 0.030, lp = 0.020, i1 = 0.025,
wo = 0.025 and w1 = 0.035.

Considering the three factors (the return, the risk and liquidity) as fuzzy
numbers with trapezoidal membership function, we get a portfolio rebalancing
strategy by solving (P4). The membership grade A, the obtained risk, the ob-
tained return and obtained liquidity are listed in Table 2.

Table 2. Membership grade A, obtained risk, obtained return and obtained liquidity
when ro = 0.028, 1 = 0.030, lo = 0.020, I; = 0.025, wo = 0.025 and w; = 0.035.

A obtained risk obtained return obtained liquidity
0.835 0.0266 0.0297 0.0301

Considering the three factors (the return, the risk and liquidity) as fuzzy
numbers with non-linear membership function, we get a portfolio rebalancing
strategy by solving (P6).
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In the example, we give three deferent values of parameters «,., o, and a;.
The membership grade 7, the obtained risk, the obtained return and obtained
liquidity are listed in Table 3.

Table 3. Membership grade 7, obtained risk, obtained return and obtained liquidity
when 7y = 0.029, war = 0.030 and I = 0.0225.

n 0 «ar auw « obtained risk obtained return obtained liquidity
0.811 1.454 600 800 600 0.0282 0.0314 0.0304
0.806 1.425 500 1000 500 0.0286 0.0319 0.0303
0.785 1.295 400 1200 400 0.0289 0.0322 0.0302

Secondly, we assume that the investor has an aggressive and optimistic mind.
Then the values of rg, 71, lo, l1, wo, and wy which are given by the investor are
big. They are as follows: ro = 0.028, r1 = 0.036, lp = 0.021, l; = 0.031, we = 0.032
and w; = 0.036.

Considering the three factors (the return, the risk and liquidity) as fuzzy
numbers with trapezoidal membership function, we get a portfolio rebalancing
strategy by solving (P4). The membership grade A, the obtained risk, the ob-
tained return and obtained liquidity are listed in Table 4.

Table 4. Membership grade A, obtained risk, obtained return and obtained liquidity
when ro = 0.028, 1 = 0.036, lo = 0.021, I; = 0.031, wo = 0.032 and w; = 0.036.

A obtained risk obtained return obtained liquidity
0.890 0.0324 0.0351 0.0298

Considering the three factors (the return, the risk and liquidity) as fuzzy
numbers with non-linear membership function, we get a portfolio rebalancing
strategy by solving (P6).

In the example, we give three deferent values of parameters ., o, and a;.
The membership grade 7, the obtained risk, the obtained return and obtained
liquidity are listed in Table 5.

Table 5. Membership grade n, obtained risk, obtained return and obtained liquidity
when ryr = 0.032, war = 0.034 and Ip = 0.026.

n 0 «ar auw o obtained risk obtained return obtained liquidity
0.849 1.726 600 800 600 0.0318 0.0349 0.0295
0.836 1.630 500 1000 500 0.0324 0.0353 0.0293
0.802 1.396 400 1200 400 0.0328 0.0355 0.0295

From the above results, we can find that we get the different portfolio rebal-
ancing strategies by solving (P6) in which the different values of the parameters
( ar, ay and aq ) are given. Through choosing the values of the parameters
ar, ay, and g according to the investor’s frame of mind, the investor may get
a favorite portfolio rebalancing strategy. The portfolio rebanlancing model with
the non-linear membership function is much more convenient than the one with
the linear membership function.
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5 Conclusion

Considering the expected return, the risk and liquidity, a linear programming
model for portfolio rebalancing with transaction costs is proposed. Based on
fuzzy decision theory, two fuzzy portfolio rebalancing models with transaction
costs are proposed. An example is given to illustrate that the two linear pro-
gramming models based on fuzzy decision-making can be used efficiently to
solve portfolio rebalancing problems by using real data from the Shanghai Stock
Exchange. The computation results show that the portfolio rebanlancing model
with the non-linear membership function is much more convenient than the one
with the linear membership function. The portfolio rebalaning model with non-
linear membership function can generate a favorite portfolio rebalancing strategy
according to the investor’s satisfactory degree.
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Abstract. Classification is a basic method of Data Mining. In this pa-
per, we first introduce the basic concept of classifier and how to evaluate
the precision of the classifier in this paper. Then we expatiate that how
to use the Decision Tree Classifier to search the factors which will bring
more venture at the guarantee slip, on the basis of the guarantee slip and
compensation information database established by insurance agents. As
a result, we gain some useful rules which will be useful to control invest-
ment venture.

1 Introduction

Data Mining, which is also called Knowledge Discovery in Databases(KDD),
is an advanced process of finding and extracting reliable, novel, effective and
comprehensible patterns hidden in a large amount of data. Data Mining tech-
nologies have brought significant effects to industries and other domains in the
recent years. It is only four or five years from theoretic research to developing
Data Mining products abroad. Data Mining technology is more and more often
utilized in large companies, business, bank, insurance and telecommunication
departments. It just puts up a great power of developing potential.

Insurance is a kind of operation with great venture. Venture evaluation has
a significant effect to insurance company. Whether an insurance company could
be successful depends on choosing a balance between competitive insurance pre-
mium and the venture of insurance. Insurance premium is always confirmed by
analyzing and estimating some important factors such as individual health of
policy-holders at health-insurance, car style at automobile-insurance, and so on.
The situation of insurance market is always changing, so insurance companies
should establish insurance premium on the basis of analyzing data of former
years. At the present time, professionals of insurance companies adopt only curt
analytical methods, analysts make decisions by their experience with a large
number of data statistics. These curt methods are very difficult to use and af-
fected by subjective factors.

Data Mining provides a circumstance to analyze insurance investment
database. There are many methods of Data Mining which can be applied to
venture analysis. We will emphasize on Decision Tree Classifier method in this
paper, gain some helpful rule of controlling insurance venture by finding more
venturesome area from guarantee slip and compensation information database.

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 20-27] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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2 The Basic Concept of Classifier

Classification is a very important method of Data Mining. Classification is the
task of assigning a discrete label value to an unlabeled record. In doing so,
records are divided into predefined groups. A classifier is a model that predicts
one attribute of a set of data when given other attributes. A training set is
needed to construct a classifier. The training set consists of records in the data
for which the label has been supplied. An attribute is an inherent characteristic in
the dataset. The attribute being predicted is called the label, and the attributes
used for prediction are called the descriptive at-tributes. A concrete form of
stylebook can be represented as (vy,va, -+, vp;c¢). The v; expresses as the value
of each field, and the ¢ expresses as a class.

The training set is the base of constructing a classifier. An attribute at the
training set is defined as the classification label. The type of label attribute
must be discrete, and if the number of the label attribute value is fewer(2 or 3
values is the best), the error-rate is much lower. An algorithm that automatically
builds a classifier from a train-ing set is called an inducer. After generating an
inducer, unlabeled records in the data-set could be built into such specific classes.
Classifier also can predict the value of label attribute. There are several basic
classifiers as rendered below.

1) Decision Tree Classifiers. A Decision Tree Classifier classifies data from
attribute set by predicting the label for each record to make a series of decision.
For example, a Decision Tree generated from a training set may predict a man
with a family, a car which costs from $15000 to $23000 and two children, will
have a good credit. Such Decision Tree classifier could be used to judge the credit
degree of a person. MineSet, as a Data Mining tool provided by SGI, generates
a Tree Visualization to display the structure of the Decision Tree. Each decision
is represent as a node at the tree.

2) Option Tree Classifiers. Like Decision Tree classifiers, Option Tree classi-
fiers also assign each record to a class. Instead of picking an attribute to split on
for the root node at Decision Tree, Option Tree contain special Option Node, the
Option Node may split into several branches. For example, an Option Node in a
car-producing-area Option Tree may chooses kilometers per gallon, horsepower,
number of cylinder, or weight of a car as the attributes. However, one node just
can choose only one at-tribute at most at one time in Decision Tree. We could
consider more situations synthetically when using Option Tree. Option Tree is
generally more accurate than Decision Tree, but larger.

3) Evidence Classifiers. An Evidence Classifier classifies data through check-
ing probability of some specific results of an attribute. For instance, it may
estimate a man with a car which costs $15000 to $23000 has a probability of
70% to have a good credit, but the remain 30% person may have unreliable
credit. Evidence Classifier predicts the classification result with the maximum
probability on the basis of a simple probability model. MineSet Evidence Vi-
sualizer displays the result of evidence classification. It gives answers to users’
questions such as “if --- how about ---”.
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3 How to Evaluate the Precision of Classifiers

When a classifier is built, it is useful to know how well you can expect it to
perform in the future (what is the classifier’s error-rate). Factors affecting clas-
sification error-rate include:

1) The number of records in the training set. Since the inducer must learn
from the training set, the larger the training set, the more reliable the classifier
should be; how-ever, the larger the training set, the longer it takes the inducer
to build a classifier. The improvement to the error-rate decreases as the size of
the training set increases.

2) The number of attributes. More attributes mean more combinations for
the inducer to compute, making the problem more difficult for the inducer and
requiring longer time. Note that sometimes random correlations can lead the
inducer astray; consequently, it might build less accurate classifiers (technically,
this is known as “over fitting”).

3) The information in the attributes. Sometimes there is not enough infor-
mation in the attributes to correctly predict the label with a low error-rate (for
example, trying to determine someone’s salary based on their eye color). Adding
other attributes (such as profession, hours per week, and age) might reduce the
error-rate.

4) The distribution of future unlabeled records. If future records come from a
distribution different from that of the training set, the error-rate probably will be
high. For example, if you build a classifier from a training set containing family
cars, it might not be useful when attempting to classify records containing many
sport cars, because the distribution of attribute values might be very different.

There are two common methods of estimating the error-rate of a classifier as
de-scribed below. Both of these assume that future records will be sampled from
the same distribution as the training set.

1) Holdout. A portion of the records (commonly two-thirds) is used as the
training set, while the rest is kept as a test set. The inducer is shown only two-
thirds of the data and builds a classifier. The test set is then classified using
the induced classifier, and the error-rate or loss on this test set is the estimated
error-rate or estimated loss. This method is fast, but since it uses only two-thirds
of the data for building the classifier, it does not make efficient use of the data
for learning. If all the data were used, it is possible that a more accurate classifier
could be built.

2) Cross-Validation. The dataset is splitted into k& mutually exclusive sub-
sets of approximately equal size. The inducer is trained and tested k times;
each time, it is trained on all the data minus a different fold, then tested on
that holdout fold. The estimated error-rate is then the average of the errors ob-
tained. Cross-Validation can be repeated multiple times (t). For a ¢ times k-fold
cross-validation, k x t classifiers are built and evaluated. This means the time for
cross-validation is k X ¢ times longer. Increasing the number of repetitions (t) in-
creases the running time and improves the error estimate and the corresponding
confidence interval.
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Generally, a holdout estimate should be used at the exploratory stage, as
well as on dataset over 5,000 records. Cross-validation should be used for the
final classifier building phase, as well as on small datasets.

4 Application of Decision Tree Classifier at Insurance
Operations

Decision Tree method comes from Concept Learning System (CLS), and then
ID3 method emerged as a peak of Decision Tree algorithm. The method has
evolved to C4.5 at last which can deal with continuous attributes. Other famous
Decision Tree methods include CART and Assistant.

The input of Decision Tree construction is a set of data with class-label, and
the result of the construction is a binary tree or a multiple tree. The inner nodes
(non-leaf nodes) of the binary tree generally represent as a logical judgment,
such as a; = v;. (a; is an attribute of some class, v; is the possible value of
the attribute.) The branches of the node are the result of the logical judgments.
Each inner node of the multiple tree represents as the attribute of some class,
the branches of the node represent all values of the attribute. The number of the
branches equal to the number of possible values of the attribute. The labels on
Leaf nodes are class for some instance.

Decision Tree starts from the root of the tree, and taking appropriate
branches ac-cording to the attribute or question asked about at each branch
node. One eventually comes to a leaf node. For example, multiple tree, if all of
the data in training set belong to the same class, they will form a leaf node, and
the content of the leaf node is the label of that class. Otherwise, the method
will choose an attribute with some strategy, dividing the dataset into several
subsets according to possible values of the attribute, making the data of each
subset have the same attribute value, and then handling each subset in the same
way recursively. The binary tree also follows this method except for choosing a
reasonable logical judgment.

We will introduce how to utilize MineSet classifiers, the product of SGI, to
mine hospitalization insurance data of some city. The hospitalization insurance
database consists of individual information table, company information table,
periodical (in a month) compensation table and so on. The concrete contents of
each table are rendered below:

Table 1. Individual information table

Individual Name| Sex | Date of | Company |Total Salary| Insured
Insurance No. Birth No. per Year Date
3504274308250011| X | male [19430825|0000000663 19411 19970701
3502116405101511| Y |female[19640510{0000000663 15529 19970701
3502115409043551| Z | male {19540904|0000000664 7051 19970901
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Table 2. Company information table

Company NO. Company Name Area Code| Type of Company |Insured Date

0000000330 | computer corporation 05 03(enterprise) 19971101
0000000331 |tade informatino center 03 03(enterprise) 19970901

0000000352 maternity hospital 01 02(public institution)| 19970701

Table 3. Compensation table in one month

Compensation|Compensatory Individual Compensatory|Compensatory
Bill No. Clerk NO. Insurance NO. Money Date
424300 01 3526017202011021 17.78 19980101
424190 06 3502056009140011 78.2 19980101
424191 19 3502047201172011 274.5 19980101

The procedures of Data Mining are discussed below:

1) Preparing the Data. We should prepare the data before data mining. For
example, we should remove redundant information in the dataset, such as in-
dividual name, company name, insured date and so on. We also should make
a statistic of compensation times of hospitalization insurance in a period of
time. There is an individual compensation information table rendered below
after preparing the data.

Table 4. Individual compensation information table

Individual Age|Total Salary| Type of |Area| Compen- If
Insurance NO. per Year Company | No. |[sation Times|Compensating
3502043808264031| 60 7051 03(enterprise)| 03 0 0(no)
3502114704201511| 51 | 14287 | V2(Public g, 8 1(yes)
institution)
3502042604134011| 72 6376 09 01 21 1(yes)

2) Analyzing the Data. MineSet can build a classifier to predict one partic-
ular attribute when given some attributes in a set of data. The attribute being
predicted is called the label, and the attributes used for prediction are called
the descriptive attributes. MineSet can build a classifier automatically from a
training set. The training set is consists of records whose labels are already given
on the basis of existent attributes. After the generation, the classifier could be
used to classify the records which have no label attribute in the data set. The
value of the label can be predicted by the classifier.

Whether policy-holders claim for compensation is the most concerned in-
formation when analyzing insurance operation. Towards the dataset mentioned
above, we define the attribute “if compensating” as the label attribute. Other in-
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formation such as “individual insurance NO.” belongs to irrelevant information.
The attribute “if compensating” is derived from the attribute “compensation
times”, so “compensation times” can be removed because of the repetition. The
remains of the attributes include “age”, “total salary per year”, “type of com-
pany” and “area code”. The training set consists of all of the compensation
information of that month.

3) Data Mining. We firstly apply “column weightiness” method of MineSet to
find the columns which are more effective to label attribute than other columns,
so we will avoid subjectiveness based on our experience in this way. The results
of “column weightiness” method are three attributes, “age”, “total salary per

year” and “type of company”, which are most effective to label attribute.

Select the “Decision Tree” mining tool, select the mode as “Classifier and
Error”, and set some options of that mode, then push “go!” button to run the
inducer. At last we get a Decision Tree on the insurance dataset. Fig. 1 illustrates
the Decision Tree.

4) Analyzing and Comprehend the Data. MineSet provides us a binary tree,
and it can make a decision at each node according to descriptive attributes.
Pointing to a node causes the specific information of the node to be displayed.
All possible out-comes are marked on the horizontal lines emanating from each
decision node. Each line indicates the value against which the attribute of that
mode was tested. Analyzing the specific information of the root node, we can see
that there are 6401 records in the training set. The number of customers who
had not claimed for compensation is 5377, at the rate of 84.00%. The number of
customers who had claimed for compensation is 1024, at the rate of 16.00%.

Note that in this tree the root split on the age of the policy-holders, the age
is the most important factor, this result matches our daily experience that older
person may not be in a good health condition. However, it is hard to distinguish
accurately how old a person can be regarded as an “aged person”. MineSet
mining tools could give an accurate quantitative conclusion. In our example, we
can see that the root node split into two branches by the age of 56. The left
branch (age < 56) contains 4140 records, and the number of customers in the
left branch who had not claimed for compensation is 3742, at the rate of 90.39%.
The number of customers who had claimed for compensation is 398, at the rate
of 9.61%. The right branch (age > 56) contains 2261 records. The number of
customers at the right branch who had claimed for compensation is 626, at the
rate of 27.69%. The compensation rate increases notable at the right branch.
Applying the mining tools to hospitalization insurance dataset, we just gain a
rule of the venture of insurance investment that “There is a higher compensation
probability when a policy-holder is older than 56.” If we apply database query
method to such dataset, some condition must be given beforehand, and it will
be very difficult and over work loaded by analyzing data statistics artificially.

We can get some other rules about compensation at the right branch of the
root node. For example, next factor is “total salary per year”. Considering that
policy-holders with high salary may pay more money on taking exercises and
health care, on the other hand, policy-holders with low salary may pay less. So
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Fig. 1. The Decision Tree on the insurance dataset

it is credible that salary has an obvious influence of compensation situation.
The factor “type of company” is another factor on the right branch. We can
see from the tree that the compensation probability of the policy-holders who
work at enterprise is much lower than that of the policy-holders who work at
public institution. Combined with the concrete circumstance of hospitalization
insurance domestically, we can explain such result in this way: The payment of
fee-for-service is related to the style of company. The policy-holders who work at
enterprise will pay more of the total fee, and insurance company will pay lesser.
But the policy-holders who work at public institution will pay much less fee of
the total and insurance company will pay most of it. Under this circum-stances,
the policy-holders who work at enterprise will not go to see the doctor if he or
she has a light sickness.

We can predict the compensation probability in the future according to the
Decision Tree and detailed information of policy-holders, and then adjust the fee
criterion of some kinds of policy-holders on the basis of compensation probability
which has been predicted. Just for example, considering a policy-holder at the
age of 58, working in enterprise and the total salary of 12000 per year, we follow
the binary tree from root to leaf and predict that the compensation probability
of that person is 9.84%, lower than the average probability. So the insurance
company may decrease the insurance premium of such policy-holders. However,
considering a policy-holder at the age of 59, working in public institution and the
total salary of 9500 per year, the Decision Tree predicts that the compensation
probability of that person is 37.56%, much higher than the average probability.
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So the insurance company may increase the insurance premium of such policy-
holders.

If users want to gain some more detailed rules such as classifying policy-
holders under 56 years old, MineSet will provide data filtration function. Using
such function, you can get the requisite training set by setting “age < 56” as
the filtrating condition, then apply the Decision Tree method on this training
set to get the requisite Decision Tree.

The Option Tree Visualizer’s functionality is the same as for Decision Tree
except that the Option Tree extends a regular Decision Tree classifier by allowing
Option Nodes. An Option Node shows several options that can be chosen at a
decision node in the tree. For example, we can choose one of the four branches
from the root node. They are “age”, “total salary per year”, “type of company”
and “area node”. Instead of using a single attribute at a node in Decision Tree,
the option node provides you with several options. However, the time necessary
to build an Option Tree under the default setting is much longer than that
needed to build a Decision Tree. The Option Tree has two notable advantages:

1) Higher Comprehensibility. The option nodes enhance comprehensibility of
the factors affecting the class label by showing several choices that can be made.
When flying over the tree, you can choose an option that you believe is easier to
understand, or better for predictions.

2) Higher Precision. The option nodes reduce the risk of making a mistake by
averaging the votes made by the options below. Every option leads to a sub tree
that can be thought of as an “expert”. The option node averages these experts’
votes. Such averaging can lead to a better classifier with a lower error rate.

5 Conclusions

In conclusion, the classification method of Data Mining builds Decision Tree or
Option Tree based on training sets accumulated in database, and then predicts
new data according to the classifier. Classification methods can be applied not
only at insurance field, but also at other investment field such as banking and
stockjobbing or other trades. It will bring helpful policy supports to managers.
Data Mining, as a new technical field, will be applied far and wide in China.
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Abstract. Central banks issue often many kinds of bonds to guide their bench-
mark interest rates. Their market data are thought of to reflect current state of the
countries financial system. Then at least how much data is needed? Based on the
framework of HIM model, We prove that the amount of the data needed is related
to the form of the volatility function of forward rates, and then the initial forward
rate curve is not essential.

1 Introduction

In some emergent financial markets, benchmark interest rates are policy-based and
determined by their governments. While their central banks issue often many kinds of
interest rate instruments to make their benchmark interest rates market-based.

Spot rate models are popular in theory and in practice. However, spot rates are
not observable on the market. So we have to recalibrate the term structure of interest
rate, given initial market data. Then forward rate models, such as Heath-Jarrow-Morton
model(HIMM)[ 1], arise, which eliminate the disadvantages of spot rate models and fit
initial forward rate curve naturally. However, there is one natural problem, that is, finite
amount of data, but one initial curve, is presented in the market. Does the initial curve is
essential for curve fitting problem, or finite amount of data is sufficient? This problem
can be also stated as follows: can some group of market data be treated as state variable
as forward rate curve does?

From a geometric view of the interest rate theory, [2] proved that in deterministic
volatility models of HIM framework, forward rate curves can be represented as a func-
tion of a state variable of finite dimension. [3] presented detailed steps to construct this
function. [4] and [5] discussed some cases of stochastic volatility and proved similar
results as deterministic cases. This paper will prove that forward rate curve is not es-
sential to describe the system state, while several distinct groups of market data can
represent the same system state.

2 Musiela Parameterized HJM Model

Zero-coupon bonds are the representative interest rate instruments in the bond mar-
ket, which is sold in the price less than their face values and bought back in the price of
face values, and no interests is paid in the duration of their existence. Without loss of
generality, their face values are assumed to be one unit.
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First of all, some important definitions are given as follows.

P(t,x): the price at time ¢ of a zero-coupon bond maturing at time ¢ + x, t, 2 > 0;

r(t,x): the forward rate at time ¢ of a riskless loan which is contracted at time ¢ +
and matured instantaneously, ¢,z > 0;

R(t): spot rate at time ¢, ¢ > 0.

We assume that the market is frictionless and the bonds are perfectly divisible.
There are some explicit relationships among the bonds prices, forward rates and spot
rates:

r(ta) = _(“)logaf;(t,x) 1)
P(t,z) = exp{—/ox r(t,s)ds} (2)
R(t) = 7(t,0) (3)

We assume that the bond market is a filtered probability space (2, F, Q, {F:}+>0),
where € is the sample space, () is the martingale measure defined on €2, F is the
filtration, and {F;} is the time ¢ filtration. Let W (t) be a m-dimensional standard
Wiener process. Assume that R(t) is {F;}-measurable, that is , it is known at time
t and R(t) is a one-to-one mapping between {F;} and its value set. In probability
theory, {F;} is the information set of the probability system at time ¢ and its element
means system event. Above all, the value of stochastic variable R(t) reflects the system
state. R(t) is called the state variable of the system, and the evolution of the process
{R(t),Vt > 0} reflects the transformation of the system state in the state space. The
forward rates r;(-) and bond prices P(t,-) are also state variables ([6]). Then we can
use several distinct state variables to reflect the same system state and there must be
some homeomorphic mapping between corresponding state spaces.

In the HIM model, the evolution of the forward rates is a stochastic differential
equation:

dr(t,z) = pt,x)dt+ o(t,z)dWr, 4)
r(0,2) = ri(z), Ve >0.
where, p(t, ) and o (t, ) are 1-dimensional drift coefficient and d-dimensional volatil-

ity coefficient, respectively, and 7(-) is the initial forward curve. Under the arbitrage-
free condition, HIM proves that the drift coefficient must satisfy

a x
tx) = —r(tz)+olt, t,s)ds. 5
pta) = gorita)+olta) [ alts)ds ®

So, given the initial forward rate curve r(-) and particular forms of volatility coefficient
o(t, x), we can get the forward rates in the future with help of dynamics of the forward
rate.

3 Finite-Dimensional Realization (FDR)

Given real numbers 3 > 1and v > 0, let H g , be the Hilbert space of all differential
functions r : R, — R satisfying the norm condition

[l Iy < o0
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Here the norm is defined by

2 — = —-n > dn’l’(l') 2 _ d
Irlf= 307 [ e (st

Because the following results are independent of the values of 3, v, we write H for H.,.
Surely the term forward rate curve simply refers to a point in H.
We assume that the volatility function ¢ has the form

c:HxRy —R™.

Here, each component of o(r, x) = (o1(r, ), ..., 0, (r,z)) is a functional of the infi-
nite dimensional r-variable, and a function of the real variable 2. We can rewrite the for-
ward rate curve {r(¢,x),Vz > 0} at time ¢ as the form of r;, which is a function-valued
stochastic variable. Thus r, satisfies the following Stratonovich differential equation

dry = p(ry)dt 4 o(ry) o dWy, (6)
ro = T,
where
- 9 t "ot s)ds — Lo 7
Hr) = gerta)+ota) [ olts)ds— ko) )

and a; is a Frechet derivative of the volatility function o () with respect to r, o means
the Stratonovich integral.

Due to the special properties of Stratonovich integral, there is no second-order items
here and then we can rewrite the above Stratonovich stochastic differential equation by

dry

P p(re) + o(re) - vy, (8

where v; denotes noise.

Given the dynamics of the above forward rate curves, and a special form of the
functional o, we refer {1, 0} 14 to the Lie algebra generated by {p, o}.

Assume f is a smooth mapping on the space H, and z is a fixed point in H, we
write the solution of the following equation as x; = exp{ ft}x:

dIt

dt

When the dimension of {y,0}p4 = d < oo is finite, this Lie algebra can be
spanned by a set of d smooth mappings f1, ..., fq. Let

G(z) =exp{fiz1} - -exp{faza}ry, 2= (21,...,24) € R4 (10)

[2] proves that when the Lie algebra {y, 0}, 4 has a finite dimension d, there exists an
invariant submanifold ¢ near the initial point ¢, such that {y, 0} 14 is contained in a
tangent space of the manifold < , and r; can be realized as

ry = G(Zt),
dzy = a(z)dt + b(z;) o AWy, (11)
20 = %3,

= f(xzy), zo = 1. 9)
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where a(z:), b(z¢) and z{ are respectively drift coefficient, volatility coefficient of the
process z; and its initial point, and G is a diffeomorphism. They can be deduced by the
relationship G between r; and z;. In other words, the infinite-dimensional forward rate
curve r; can be realized as an invertible function GG of a finite-dimensional diffusion
process z;, which is called the finite-dimensional realization of the forward rate curve
Tt.

4 Minimal State Variables

The value of the forward rate curve r; reflects the system state at time ¢. However,
infinite amount of data is needed to obtain the forward rate curve, while finite amount
of data is available in the market. Then a natural problem arises: Does there exist a set
of finite data which is sufficient to reflect the system state?

4.1 Main Results

{G(z),Vz € R?} is a parameterized form of the manifold s, there exists an open
neighborhood U of the point 0 in the space R?, and an open neighborhood V' of the
point 7§ in the manifold ¢, such that

vV =G(U),

where G~1(V') denotes the coordinate system of the manifold ¢ at r, or G is a homeo-
morphic mapping from R to . The inverse mapping G~! of G exists, and there exists
one-to-one relationship between R? and <. It means that z; is also a state variable as r;
does. We can refer to the stochastic variables 7, z; and R(t) as homeomorphic map-
pings between the filtration 7; and R*®(R? ,R!, respectively), their state spaces are
of the same structures with infinite-dimension, d-dimension, and 1-dimension, respec-
tively.

Theorem 1. The total forward rate curve is not essential to describe the current
system state, while a set of market data with d dimension is sufficient.

Proof. A homeomorphic mapping is of full order, so the order of the homeomorphic
mapping G ! equals to the order of the space of z;, which is exactly d.

Given a set of maturity {x1, 22, - -, x4}, we have from equation (11) that

re(z;) = Glag, z), 1=1,2,---,d (12)

The Jaccobi matrix of the function G has a same order as (G, which equals to d. Then
the above equations has a unique solution.

Above all, if we have d units of market forward rates (r(x1),7¢(22), ..., 7 (xq)),
the value of z; can be computed. It means that in the space of the forward rates, d units
of separate points is sufficient to describe the current system state. g

Theorem 1 shows that the total forward rate curve is not essential to describe the
current system state, we need only d units of market data, which is identical to the di-
mension of the Lie algebra {1, 0} 1, 4, and depend on the form of the volatility function
g.

Theorem 2. At time ¢, two sets of market data will generate the same state of sys-
tem.

Proof. we have proved in theorem 1 that the function G : R — H is a homeomor-
phic mapping, which implies that there is a one-to-one relationship between the space
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R? and ‘H. From equation (11), we conclude that given a forward rate curve, there is
only one unique value of z; corresponding to it. On the basis of theorem 1, the same
system state will be obtained, given any two sets of market data. O

When we choose a model for the real world, or the form of the volatility function,
the dimension of the Lie algebra {1, 0} 1,4 can be deduced with the help of the theory
of algebra, then acquire the form of the function G, at last, choosing a set of d units
market data, the current system state can be well described.

Proposition 4.4 in [2] shows that we can also directly choose d units data of the
forward rates as the state of system. [2] also proves that, when d < 2, the forward rate
process can be realized as a spot rate process. In this case, we can say that the market
data reflect the benchmark interest rates of the central bank.

4.2 Construction of the State Variable

[2] gives the construction of the state variable z; as follows.
(1) choose a collection f1, fa, ..., fq of smooth mapping which spans {y, o} 1 a;
(2) compute the form of G(z;) = exp{fiz1}---exp{faza}rs;
(3) Due to the Stratonovich differential equations of r; and z;, the following rela-
tionships hold,

G/a:mG/b:U. (13)
Thus a, b can be from the above equations.

4.3 Identification of Error-Priced Market Data

When error-priced data exists in the market, we can use the following method to
identify them based on the above results.

(1) When there is only one error data, from theorem 2, we arrange all market data
available into three sets, and from equation (11), three units value of z; is obtained,
then the only one which differs from other two means that this set contains the error
data. Second, arranging this set into two subsets, together with other true-priced data,
we form two new sets of d units data, and find the set containing the error data. Go on
until the error data is determined.

(2) The case of two error data: the method is similar to the above case.

As long as the market data available is enough,error data should be identified by
using the above method.

5 Conclusion

From a geometric view of interest rate theory, we study the existence problem of
minimal state variables by using some important results of FDR problem of [2]. In the
framework of HIM model, we find that in the case of deterministic volatility, the system
state can be well described based on the available information in the current market, and
any set of market data generates the unique state of system.
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Abstract. In the general discussion of double auction, three properties
are mainly considered: incentive compatibility, budget balance, and eco-
nomic efficiency. In this paper, we introduce another property of double
auction: semi-independence, from which we are trying to reveal the es-
sential relation between incentive compatibility and economic efficiency.

Babaioff and Nisan [1] studied supply chain of markets and corre-
sponding protocols that solve the transaction and price issues in markets
chain. In the second part of the paper, we extend their model to two-level
markets, in which all markets in the supply chain are independent and
controlled by different owners. Beyond this basic markets chain, there is
a communication network (among all owners and another global man-
ager) that instructs the transaction and price issues of the basic markets.
Then we discuss incentive compatible problems of owners in the middle
level of the markets in terms of semi-independence.

1 Introduction

With the rapid progresses of e-commerce over the Internet, a number of economic
concepts have been integrated with computer science extensively, such as Game
Theory [9l10], Mechanism Design [7)8] and Auction Theory [6]. One of the most
remarkable combinations is that of electronic market, which is on the basis of
double auctions.

Double auction, a classic economic concept, specifies that multiple sellers
and buyers submit bids to ask for transactions for some well-defined goods [4].
For different purposes, the designed protocols should satisfy required properties
over the Internet. Three properties are mainly concerned: incentive compatibil-
ity, budget balance, and economic efficiency. The first one emphasize the truthful
behavior of agents (sellers and buyers), whereas the last two are macro require-
ments to the outcome. It’s well known that the three properties can not be
hold simultaneously under mild assumptions [7]. Hence we are trying to seek
for the more essential relations among these properties. Specifically, we present
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another property, semi-independence, from which we study the relation between
incentive compatibility and economic efficiency deeply.

Note that such electronic market, on which the double auction applies, can
not reflect the information of related commodities exactly. Hence Babaioff and
Nisan introduced the model of supply chain of markets [I] to solve this prob-
lem. For example, in lemonade-stand industry, a lemon market sells lemons, a
squeezing market offers squeezing services, and lemonade are provided by a juice
market. These three markets are composed of the supply chain of lemonade. In
addition, Babaioff and Nisan introduced symmetric (pivot) protocol for exchang-
ing information along markets. These protocols determine the supply/demand
curve for each market, and allow each market to function independently.

However, markets of different goods in that model are controlled by a single
person. Sometimes, a supply chain of markets may be very difficult to construct
and manage for a single one. Hence we propose to study a model that allows
the individual market to be fully independent. Specifically, we consider two-level
markets, where each market in the original supply chain is controlled by a dif-
ferent owner. Moreover, there is another higher level market among owners. The
transaction and price issues of the basic markets chain are determined through
the interaction of owners at the upper level market.

Many appealing problems arise in such two-level markets model. For exam-
ple, as participants of the markets, all owners may have their own targets and
utilities. Thus we need consider the truthful behaviors of owners, i.e., incentive
compatibility. Observing that as a link between two-level markets, such behav-
iors include two directions: to agents and to manager. That is, the owner may
lie to each of them or both. Therefore in this paper, we study the relation be-
tween the mechanisms of the markets chain and the truthful behavior of owners.
Specifically, we show several sufficient and necessary conditions that guarantee
incentive compatibility for different types of owners.

Note that the study of truthful behavior of owners is more closer to practical
(electronic) markets, since intermediaries (owners) play an important role in the
transactions of the markets and the performance of the whole markets is mostly
determined by behaviors of these owners. As we have seen in reality, the loss
of efficiency and budget deficit are mainly due to the selfish behaviors of such
owners. Therefore we believe that this paper is an important step in the quest
for the mechanisms that promote economic efficiency and market revenue.

In section 2, we review the basic concepts of double auction and introduce
the property of semi-independence. Next, we briefly review the supply chain
markets model of [I] and introduce the model of two-level markets. In section 4,
we study the issue of incentive compatibility of owners in two-level markets.

2 Double Auction

2.1 The Model

In a market of a kind of goods, there are n sellers and buyers, respectively. Each
seller has one indivisible goods to sell and each buyer plans to buy at most
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one item. Each agent (seller or buyer) has a privately known non-negative real,
termed as type, representing the true valuation that the seller/buyer wants to
charge/pay.

To win the auction, each agent submits a value to the auctioneer. Let s;
be the i-th supply bid (in the non-decreasing order) of sellers and d; the j-th
demand bid (in the non-increasing order) of buyers, i.e., 0 < 1 < s9 < -+ < s,
and d; > dy > -+ > d, > 0. We denote S = (s1,...,S,) as the supply curve
and D = (di,...,d,) as the demand curve of market. The wutility for trading
agent (i.e., winner) is the absolute value of the difference between price and his
true type. For non-trading agent, the utility is zero. We assume that all agents
are self-interested, that is, they aim to maximize their own utilities. Note that
to maximize the utilities, agents may not submit their types, the strategy is
determined according to different double auction rules.

Double auction (DA) rule R is a mechanism that, upon receiving input: sup-
ply and demand curves S and D, specifies the quantity ¢ = Ry (S, D) of trans-
actions to be conducted and the price p; = Rs(S, D), pg = Ra(S, D) that the
trading sellers/buyers receive/pay. Note that in all DA discussed in this paper,
non-trading agents receive/pay zero, and once the trade quantity ¢ is fixed, the
winners are the first ¢ sellers (with lowest supply bids) and buyers (with highest
demand bids), respectively. Moreover, we only concern non-discriminating DA,
i.e., the price paid by all buyers is same and the price paid to all sellers is same
too, but the two values are not necessarily equal.

Let [, optimal trade quantity, be the maximal index such that s; < d;. As-
sume without loss of generality that there always exist the (I 4+ 1)-th supply and
demand bid, s;+1 and d;41, such that s; 1 > djy1. Otherwise, we may add sell-
ers with bids co and buyers with bids zerdl. Followings are some classic DA rules:

— k-DA: ([122])) g =1, and ps = pg =k - s; + (1 — k) - d;, where k € [0, 1].
— VCG DA: ([T135]) ¢ =1, and ps = min{s;y1,d;}, pg = max{s;,d;+1}.
— Trade Reduction (TR) DA: ([1]) ¢ =1—1, and ps = s, pa = d.

2.2 Semi-independence of Double Auction

We denote (ai,...,ai—1,0+1,---,a,) as a—_; and (a—_;,a;) as the tuple
(ai1,...,a,). In this paper, we mainly consider the following properties of DA:
(i) incentive compatibility: The DA motivates self-interested agents to submit
their types to maximize the utility values. It’s easy to see that for any incentive
compatible DA, there must be ps; > s, and pg < d;, where ¢ units of goods
traded. (ii) budget balance: The total payment of buyers should be at least the
total amount given to sellers, i.e., the revenue of the mechanism is non-negative.
(iii) economic efficiency: The desired outcome should maximize the total types
of all agents. That is, all sellers with types below the market clearing price should
trade with all buyers whose types are above the clearing price [I].

! Note that for any efficient DA, the optimal trade quantity ! may not be identical under different
supply and demand curves.
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Note that trading [ units of goods maximizes efficiency if all agents submit
their true types. We denote such DA that trading [ units of goods as efficient
DA. Following let’s first look at another property of DA, semi-independence.

Definition 1 (Semi-Independence): Given efficient DA R, supply and
demand curves S and D, let p; = R,(S, D), pg = R4(S, D), and | = R,(S, D)
be optimal trade quantity. We say price p, is semi-independent of s; under S
and D, if

- 1<i<l, Rs((s—4,8;), D) =ps, for V s; € [s;—1,s;] (ifi=1, s} €0, s1]).
— I <i<n, Rs((s—4,8;),D) = ps, for V s} € [s;, si41] (if i = n, 8], € [$pn,00)).

That is, when s; changes to its neighbor bid continuously, the price ps will
not change. To sellers, the price is semi-independent of i-th supply bid if for V
S and D, price R4(S, D) is semi-independent of the i-th supply bid s; under S
and D. If the price is semi-independent of all supply bids under any supply and
demand curves, we say DA R is semi-independent of supply curve. Similarly, we
can define R is semi-independent of demand curve.

Following lemma reveals the essential connections between incentive compat-
ibility and economic efficiency on the basis of semi-independence.

Lemma 1 For any efficient and incentive compatible DA R, let [ be the opti-
mal trade quantity, then the price to sellers/buyers is semi-independent of i-th
supply/demand bid, for all 1 <4 <. And if the (I 4 1)-th supply/demand bid is
strictly smaller/larger than the (I 4 2)-th bid, the price is not semi-independent
of the (I + 1)-th bid.

Proof. We only prove the case to sellers and supply bids, the other one is similar.
We first prove the first part, that is, the price to sellers is semi-independent of
i-th supply bid, for all 1 <1 <.

For any supply and demand curves S = (s1,...,s,) and D, let p, =
R;(S, D). Then we need to show that ps is semi-independent of sy, ... ,s;. Sup-
pose otherwise, that there exists ¢, 1 < 7 < [, such that modifying s; to s/
will change ps to p), where s, satisfies Definition 2.1. If ps < p, the seller who
bids s; can increase his utility simply by submitting s; untruthfully. If ps > p,
let (s1,...,8i—1,8}, Sit1,--. ,Sn) be true types of all sellers respectively. Then
same as above, the seller who bids s; can increase his utility by reporting s;. A
contradiction to incentive compatibility.

It remains to prove that the price to sellers is not semi-independent of the
(I4+1)-th supply bid s;41 if $;41 < Si42. The idea is to construct a pair of supply
and demand curves S = (s1,...,8,) and D = (dy,... ,d,), s.t. diz1 < s <
S1+1 < dyj, to show that the price ps = R(S, D) is not semi-independent of s;41.
It’s easy to see that such pair of curves does exist.

Claim 1. Price p, = Rs(S’,D) = Rs(S,D), where S = (s_;,s141) =
(81,... 3 S1—15S1+1>
141, 8142, - - »5n), 1.€., Pl = Ps.
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Proof of the Claim. Note that the I-th supply bid equals the (I + 1)-th supply
bid in S’, since dj11 < s;11 < di, the number of trading goods under S’ and D
is also | according to the efficiency of R, i.e., R,(S’, D) = I. Thus from above
discussion, price p, is semi-independent of the [-th supply bid s;41. Hence, when
reducing s;4+1 to s; (note that s; € [s;—1, si4+1]), the price does not change, i.e.,
Py =ps O

Our following discussions are based on S’ and D. Note that R,(S’,D) =1,
and the [-th supply bid is s;41 in S/, thus there must be p. > s;11. Next we
consider two cases.

Case 1. pl, > s;41. In this case, let ;1 be the true type of the (I + 1)-th seller
who bids s;41. Then if he submits the bid truthfully, he won’t get any utility.
But if he submits an sufficiently small value ¢ > 0, the supply curve will be
S = (8,81, s SI—1, 5141, SI42, -« »

$n) (assuming the submitted bids of other sellers don’t change). According to
R, he will be a trading seller since the number of trading goods is still I (s;—1 <
81 < dy and s;41 > dj41). Following we consider the price ps = Rs(g, D). Because
Ds is semi-independent of all the first [ supply bids, (g,s1,...,5-1), then the
following supply curves sequence share the same price:

S = (81,82, 81,8141, ,Sn) —
(6,892,838, -+ , 81,8141, -+ ,8n) —
(E,81,83, -« yS1ySi41y--- s8n) —> -+ —

(€,81,82, - s SI—1, 8141y -+ ,Sn) = S.

That is, we have Rs(g,D) = Rs(S, D), i.e., ps = ps = p.. Hence the seller who
bids & untruthfully will get utility ps — s;41 = p& — s141 > 0, a contradiction.

Case 2. pl, = s;41. It’s easy to see there exists § > 0 such that dj11 < s;11+6 < d;
and $;11 + d < 8;42. Thus when the (I + 1)-th supply bid changes from s;11 to
Si+1 + 9, if price p’, is changed, then the lemma follows. Otherwise, we have

RS((sla cee 5y Si—1, Sl+1a sl-‘rl + 5a Sl+27 L] 7871)7 D) = p;
Similar as claim 1, we can ensure the same price p/, even increasing the I-th
supply bid from s;41 to s;41 + J. That is,
Rs((s1,---,81-1, 8141 + 0, 8141 + 6, S142, ... ,8n), D) = pl.

Let s;11 + 0 be the true type of the [-th seller who bids s;41 + §. Then although
he is a trading seller, but the utility of him is negative, i.e., p,, — (s;11 + ) < 0,
which contradicts the property of incentive compatibility.

Therefore, we have constructed specified supply and demand curves such that
the price is not semi-independent of the (I 4+ 1)-th supply bid, hence the lemma

follows. 0

Note that if s;11 = s;42, the lemma also works for the first index i, where
l+1<i<nand s41 =--=s8; < Siy1, such that the price to sellers is semi-
independent of s;. If 5,11 = - - - = s, then the price to sellers is semi-independent

of s,,.
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3 Supply Chain of Markets

Supply chain of markets is a sequence of markets, where the first one M° pro-
vides resources, the last one M consumes the final desired goods and all middle
markets M', ..., M*~! convert the previous goods to the following one sequen-
tially. Without loss of generality, assume the number of agent in each market is
equal to n.

3.1 Symmetric Protocol

Note that only the agents (buyers) in the last consume market submit demand
bids, whereas other agents (sellers) in other markets submit supply bids. For any
market M?, denote S* = (si,... %) as the supply curve and D* = (di,... ,d})
the demand curve of M*, where 0 < s’i <...< s; and d’i > ... > d% > 0. Here
S0, 81 ..., St1, Dt are composed of the submitted bids of agents of each market
respectively, other curves are computed in terms of the following symmetric

protocol by Babaioff and Nisan [I].

Symmetric Protocol:
Input: Supply/demand curves S°, S, ... St=1 Dt
Algorithm:
(1) st = Zf;é s, for 1 < j <mn.
(2) ej = d; — st
(3) dj=s;+ej for0<i<t—-1,1<j<n.

Output: Demand/supply curves D°, D! ... D!=1 Gt
We stress here that above definition is just in terms of its mathematical
sense, the original one (exchanging information along the sequence of markets)

is referred to [1]. One of the most attractive properties of symmetric protocol is
the following lemma.

Lemma 2 The supply curve S° of market M* is independent of its demand
curve D’ under symmetric protocol, for all 0 < i < ¢.

Proof. We only prove the lemma for supply market MY, others are similar. Let
E = (e1,...,e,), According to symmetric protocol, the demand curve of MY is:

D’ =5+ E=5"+ (D'~ 35,5 =D = YT, S

which implies that S° is independent of D°. O

3.2 Two-Level Markets

Babaioff and Nisan [I] studied the supply chain of markets based on that the
auctioneer, who creates the markets chain, conducts all affairs among them.
Sometimes, however, it may be very difficult to deal with such a huge markets
network for a single one.
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Therefore, we consider the following two-level markets model, in which all
basic markets in original supply chain are independent and controlled by different
owners, rather than a single one. We denote the owner of market M® as O°.
Among all owners and another (global) manager, the previous auctioneer, there
is a communication network (market) that instruct the transaction and price
issues of all basic markets. That is, all owners submit supply/demand curves
to the manager, who specifies affairs of basic markets in terms of the global
mechanism. Formally,

Definition 2 (Global Mechanism) A global mechanism G of manager, upon
receiving supply/demand curves of markets owners, specify the following two
issues:

1. Computing demand/supply curve for each market in terms of symmetric
protocol.

2. Deciding the number of transactions to be conducted and the price that the
sellers/buyers should receive/pay among all markets.

In this paper we only consider the case that take DA (with symmetric pro-
tocol) as global mechanism, i.e., global DA mechanism. That is, the number
of transactions and price in all markets are determined independently by (the
unique) DA. Hence, all discussed properties of DA also apply in the global case.

Example 1 (Lemonade stand industry [1]) Assume there are three commu-
nicating electronic markets that produce lemonade: a lemon market M°, sells
lemons; a squeezing market M', offers squeezing services; a juice market M?,
from which buyers buy lemonade. There’re three agents in each market with
valuations showed in the left columns of each market in Graph 1. Then all
participants work as follows:

1. Each agent submits his supply/demand bid to the corresponding owner.
(Assume all agents know the protocol of global mechanism G at first).

2. Each owner submits the received bids (curve) to the manager.

3. The manager performs the global mechanism G, and returns the results to
owners.

4. Each owner returns the above results to agents in his market.

5. Each market acts independently in terms of mechanism G and corresponding
curves, then agents get their awards from the owner. For example, if we use

global VCG DA, two juices are sold in juice market at price 8 = max{8,7}
each. O
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Graph 1: Operation of Lemonade Stand Industry

Note all agents participate step 1, 4, 5, whereas the manager participates step
2, 3. That is, agents and manager do not communicate directly. For simplicity,
following we denote M as the supply market M° and omit the index 0 of all bids
and curves of M.

4 Selfish Owners

Observing that besides performing the protocol of two-level markets, each owner
may has his own goal and to optimize it, he may not execute the protocol
correctly. Thus we need take their reactions into consideration. In this paper, we
assume the wutility of each owner is the currency he obtained from the market.
Hence in this case, the function of the selfish owner is, on one hand, controlling
the market, on the other hand, maximizing his utility. Following we only consider
owner O of supply market M. Other owners of the conversion markets and
demand market are similar.

Example 2 (Selfish owner O of lemon market under global VCG DA) Consider
owner O of lemon market showed in above section, the supply bids that he
received are (3,6,7). If O submits the supply curve truthfully, the manager will
return corresponding demand curve (19,9,1) to him. According to VCG DA,
the first two sellers are traded at price 7 each, and O will pay them 14, which
is obtained from the manager. Then we regard that O does not get any utility.
However, if O submits (3, 6, 8) untruthfully, the manager will handout 16 to him
but at the inner lemon market, O only needs to pay 14 to the two trading sellers.
Thus O gets 2 dollars successfully from his lying. (Note that agents do not know
what the supply curve that O submits to the manager). O

Remark 1. In fact, the trick of O is that the manager only knows the submitted
bid 8, whereas agents only know the true bid 7. Similarly, O may get utility by
lying to agents. Moreover, this phenomenon also arises in global k-DA and TR
DA.

Remark 2. For non-incentive compatible DA, the submitted bids of agents may
not be their true types. But here, we only consider the conduct of owners, i.e.,
whether he can get positive utility from his lying.
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Remark 3. Note that when O submits the supply curve untruthfully, the number
of transactions may be different from that when he submits the curve truthfully.
Thus, to avoid from being detected by the manager and agents, all owners should
be restricted to quantity consistent (QC): if the number of transactions is ¢ when
all owners truthfully submit their received curves, the quantity should also be ¢
even if any owner lies.

Therefore it’s reasonable to consider the following property of global mecha-
nism (here, to distinguish the definition of incentive compatibility of agents, we
use the term immaculate to describe the truthful behavior of owners):

Definition 3 (Immaculate) In two-level markets, a global mechanism is said
to be immaculate if for any market owner O%, 0 < i < t, and supply/demand
curves submitted /returned by other owners, O won’t get any positive utility
under the restriction of QC, no matter what the supply/demand curve he sub-
mits/returns.

4.1 Both-Side Untruthful

In Example Bl O may get positive utility simply by deceiving all agents in M
that the demand curve was (19,6, 1) instead of the true one (19,9,1). Thus O
(who obtains 14 from the manager) gets 2 dollars (he only pays 12 to the first two
sellers). That is, owners may lie to both the manager and agents in his market,
i.e., both-side untruthful.

Definition 4 (Pseudo-Constant DA Families) DA rule R belongs to
pseudo-constant DA families if trading quantity is the unique variable of price
function to trading sellers. That is, for any supply and demand bids, there exists
a function f, s.t. the price to all trading sellers is f(g), where ¢ is the trading
quantity according to R.

It’s easy to see that for any global DA mechanism that is contained in pseudo-
constant DA families, the owner won’t get any utility under QC constraint.

Theorem 1 Any global DA mechanism R that does not belong to pseudo-
constant DA families is not immaculate when the owner is both-side untruthful.
Proof. Because R is not contained in pseudo-constant DA families, there exist two
pairs of supply/demand curves (S, D) and (S’,D’), such that ¢ = Ry(S,D) =
R,(S',D"), and R,(S,D) # Rs(S',D’). Let ps = Rs(S, D) and p,, = Rs(S’, D).

Assume without loss of generality that ps < p.. Thus we can regard S as
the true bids of sellers, whereas owner O submits S’ to the manager. Assume
the demand curve of market M is D’ according to other markets’ curves. Note
that under symmetric protocol, there always exist the submitted curves of other
markets owners such that the demand curve of M is D’ (Lemma B). Hence in
terms of S’ and D’, the manager decides ¢ units of goods to be trade and the
price to trading sellers is p,. When getting all payments, ¢ - p., O returns D
to all agents in M. In such situation, O only needs to pay trading sellers p;
rather other the true price pl (since ps = Rs(S,D)). Therefore, O defalcates
q- (pl, — ps) > 0 from his lying. O
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4.2 One-Side Untruthful — To Manager

Although pseudo-constant DA families avoid corruptions of owners, such mecha-
nisms perform infeasibly because they can not reflect the supply curves efficiently.
That is, the price may deviate from the values of bids arbitrarily, since it only
depends on the number of transactions. Therefore in this section, we restrict the
power of owners that assume they are always truthful to agents in their own
markets (we denote such owners as type 1). That is, the demand/supply curve
that the owner returns to agents is always the truth. Hence, the utilities of own-
ers are only from the manager, and all trading agents indeed get their original
payment.

Lemma 3 If all owners are type 1 and efficient global DA mechanism R is not
semi-independent of supply curve, then R is not immaculate.

Proof. Trivially, there exist supply/demand curves S and D and i, 1 < i < n,
such that ps is not semi-independent of s;, where p, = R,(S, D). Note that
Lemma [2 implies that the demand curve D is independent of S = (s_;, s;). Let
[ be optimal trade quantity.

Since ps is not semi-independent of s;, there exists S’ = (s_;, ;) such that
Pl # ps, where p, = Rs(S’, D), and s} satisfies Definition 1. Following we con-
sider two possible cases. If p; < pl, let S be submitted bids of agents, then O
can get [ - (p), — ps) utilities by submitting S’ untruthfully to the manager (note
that untruthfulness of the owner is restricted to QC constraint). If p) < pg, let
S’ be submitted bids of agents. Similar as above, O can get [ - (ps — p,) utilities
by submitting S to the manager.

Thus O may always get positive utility as long as he does not truthfully
submit supply curve. Therefore the global DA mechanism R is not immaculate.
O

Whereas if ps is semi-independent of all supply bids, intuitively, no matter
what the supply curve that O submits, he won’t get any utility from the manager.
Formally,

Lemma 4 If all owners are type 1 and efficient global DA mechanism R is
semi-independent of supply curve, then R is immaculate.

Proof. Assume submitted bids of agents in M are s1,...,s, and s1 < 50 < --- <
Sn. Let D = (dy,...,d,) be demand curve of market M, which is computed in
terms of symmetric protocol. Let p; = R(S, D). To prove R is immaculate, we
only need to show that for any supply curve S" = (s,...,s),) that O submits,
Pl = ps, where p, = R,(S’, D). Note that QC constraint implies that s; < d; and
5141 > dig1. Let S = (4, 8], 8141, -+ ,Sn) and Dy = Rs(g,D). We observe
the following two facts.

Claim 1. p, = ps.

Proof of the Claim. We use mathematical induction on the number % that the
last n — k elements of S and S are all identical, i.e.,

! / —
(Sk+1>"' y Sps Sl41y - - - ,Sn) - (Sk+1a-" y SUs Sl41y - - - 7Sn)7
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where 0 < k < [. The cases of kK = 0,1 are trivial. Suppose the claim is correct
when k£ < j—1,2<j <l Then if k = j, we have

(5;'4»1"" 75§a31+1,-~- 75n) = (Sj-i-lv"' Sy Sl+1, - - - 75n) & 5;’ 7& Sj-

Assume without loss of generality that s; < s; (the other part is similar as
above). We consider two cases about the relations between s} and (s1,... ,s;)
as follows.

Case 1. There exists i, 1 < ¢ < j—1, such that s; < s; < 8i+1- Then the following
supply curves sequence share the same price:

S = (Sla"'75i78i+1)"'a8j78j+17"'78n)_>
(815++ 380,85, 8i42, - 18,8541+ ,5n) =
(13- 586,8], 85,8148, 185,841,005 80) = o0 =
(s1,--- ,si,sg,... ,s;,sj+1,... Sn) —
(STy-ee 2S5 Sigqs e ,sg,sj_,_l,... ,8n) = S.

Note that the last step is by induction hypothesis and others are by semi-
independence.

Case 2. s; < 51 < --- < s;. Similar as above case, supply curve S and S share
the same price. Therefore, by induction, we have p; = ps. O

Claim 2. p/, = p;.

Proof of the Claim. (sketch) Similar as the proof of Claim 1, but here the induc-

tion is on the number k that the first n — k elements of S’ and S are identical,
where 0 < k <n —[. We omit details here. 0O

Therefore the payment p’,, ps and ps, on submitted supply curves S’, S and
S respectively, are all identical, i.e., p, = ps = ps. Thus the lemma follows. O

Theorem 2 When all owners are type 1, efficient global DA mechanism R is
immaculate if and only if it’s semi-independent of supply curve.

4.3 One-Side Untruthful — To Agents

Contrary to above subsection, we may assume all owners are always truthful to
manager (e.g., they may be appointed by the manager) and they can return de-
liberately constructed demand/supply curves to agents to get utility (we denote
such owners as type 2). Note that the utilities of owners in this case are from
their lying to agents. Similarly, we have the following theorem.

Theorem 3 When all owners are type 2, efficient global DA mechanism R is
immaculate if and only if it’s semi-independent of demand curve.

From above discussion and Lemma [T} we have the following corollary.
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Corollary 1 If global DA mechanism R is efficient and incentive compatible,
then it’s not immaculate, regardless the types of agents.

Thus global VCG mechanism is not immaculate. Note that although global
k-DA and TR mechanisms do not satisfy the conditions of above corollary (ef-
ficiency and incentive compatibility), they are not immaculate mechanisms too.
But as to global TR mechanism, we can modify it to immaculate one simply by
exchanging the price functions to trading sellers and buyers.

5 Conclusion and Further Research

A more general model in practice, two-level markets, is studied in this paper.
Note that our discussions are based on symmetric protocol, but all results also
apply to other protocols that share Lemma 2.

In addition, we study incentive compatible problem for selfish owners who
alm to maximize their own utilities. Contrary to this direction, we may consider
another one that the goal of each owner is to optimize some common values,
such as the total utility of trading agents and income/outcome of the agents in
his market. Actually, this work (on selfless owners) is under investment right
now.

As we have seen in this paper and many other works, the implementation of
incentive compatibility is on the cost of decreasing the revenue of the markets.
Thus, whether there exists a weaker feasible notion of incentive compatibility
(such as approximation or average case) is a very meaningful direction in the
future work.
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Community Network with Integrated Services

ZhiMei Wu, Jun Wang, and HuanQiang Zhang
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Abstract. This paper first introduces the general problems met when building
Broadband Community Access Network which supports Integrated Services,
and then presents some solutions and achievements on multicast service, QoS
provision, security, network accounting and billing. In the third section, this
paper gives the architecture of a community network, which is a broadband
access network based on high-speed switching Ethernet, and provides
integrated services, such as digital TV, IP telephone, WWW, Email, and so on.
This paper also gives an implementation of this broadband access system,
which can afford the special requests of classified transfer, QoS and security,
and at the same time provides the accounting and billing function. Lastly, this
paper indicates the unfinished part of this broadband access system, and
describes the future development.

Keywords: Broadband Access, Community Network, Integrated Services, QoS,
Multicast, Security

1 Introduction

With the rapid improvement in communication and computer technology, broadband
community network access to Internet and enterprise network has been the
consequent request, which can give home users voice service and more video
services. In the earlier of Internet, the data exchange is the main service provided by
business based on TCP/IP architecture. The Internet of 1990s has not only a great
improvement in scale and range, but also a extension to audio and video. During this
period, researchers have tried every method to improve the quality of service of
transferring audio and video streams in Internet, and also tried to provide the security
for data transfer and some reasonable accounting policies. Lately, people have got
great achievement in the transfer quality of audio and video in IP network. These
improvements expand the application range of IP Network, and now pure IP
telephone is quite popular, and TV service on IP is at the beginning. Except the
traditional data service and the replacement with telephone and TV service, the
broadband IP network[1] can provide some new-style applications, such as interactive
TV, video conference, E-commerce[4], e-learning and so on. “All is on in IP” is the
future of network development.

2 Issues in Broadband Access Network

2.1 Broadband Access Technologies

There are several typical technologies used for community broadband access network,
which are xDSL, Cabel Modem, FTTx+LAN and Wireless access.

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 4653, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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DSL stands for “Digital Subscriber Line”, a broadband technology that uses
telephone lines and digital coding to create a connection to the internet from
computer. That link can carry vast amounts of voice, video and data information at
very high speeds. The Asynchronous Digital Subscriber Line(ADSL) can provide
6~8Mbps data rates in the downstream direction while the upstream is relatively slow,
144~384Kbps. The Very-High-Bit-Rate Digital Subscriber Line(VDSL)[2] can reach
speeds up to 52Mbps downstream, and up to 13Mbps upstream, but it operates only
under distances not longer than 1.5 kilometers while ADSL can operate over 3.5
Kilometers. It is xDSL’s main advantage that it can utilize the user’s existed
telephone line, and its disadvantage is too expensive device. If using xDSL, the
telecommunication office must keep the same number of xDSL device with the users’.
So xDSL is only suitable for the residential area with low density.

Cable Modem is another broadband technology used for community access
network. Cable systems were originally designed to deliver broadcast television
signals efficiently to subscribers’ homes. To deliver data services over a cable
network, one television channel (in the 50-750MHz) is typically allocated for
downstream traffic to homes and another channel (5-42MHz) is used to carry
upstream signals. It have a very high-speed downstream bandwidth (frequency can
reach 1GHz), and is a very good access technology if only single-direction access.
But there are several big problems when it is been reconstructed to accept two-way
streams, they are the expensive reconstruction price, very limited upstream
bandwidth, and the amplified noise by upstream amplifiers.

FTTx+LAN is the extension of Internet, which is widely used in Enterprise
network and office network[5][6]. It carries several benefits for residential users: very
cheap access, easily to upgrade more advanced system, great extensibility. It will need
to solve more technology problems such as QoS, security and network accounting, if
FTTx+LAN are provided for internet access, IP telephone, LAN TV of residential
users. Its disadvantage is that this solution has very high technical threshold to be
crossed.

Wireless access is also an interesting broadband technology, especially in the
area which can’t be easily wired. Bluetooth and 802.11b are the main standard of
wireless access. They are not generally used because their short distance and slow
bandwidth.

2.2 QoS Provision

Our object is to implement an IP network which can carry many services. In this
network, the traditional burst-out traffic can share the same network device (router,
switch and links) with the traffic which request more strict delay, delay jitter,
bandwidth and lost-packet rate. So it can be named a QoS network, in which there are
many kinds of service, every of which have many traffic. The QoS means that in the
network it must be sure to provide the corresponding, expectable bandwidth for the
special class of service traffic without the knowledge of other traffics. IP packets
travel from source to one link, then across switch and router, at the last reach to
another link of destination. For QoS, these packets’ delay and jitter must be in a
restrict range defined by service. In broadband access network, main influence came
from the IP packet’s transfer policy of switch and the allocated bandwidth of links for
the service.
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We setup a rate shaping and a rate control policy which based on dual leaky
bucket algorithm[3] for the service provider, especially for the video service provider
which have very high-speed output, to prevent the overflow of data link’s bandwidth.
We also add the guarantee for quality of service by an access control algorithm in
network device for the classes of service by the current available bandwidth.

In switches, we add classify, queue and scheduler policy for traffics. The classify
policy is admitted to specify a class for a destination address, which class is allocate a
single transmit queue. A packet is dispatched to a specified class of queue by switch
after it is accepted. The packets in high priority of queue are sent prior to lower
priority of queue. Switch can provide classified services by classifying, queue and
scheduler function. For example, switch can transmit the data by the defined priority
of control packets, key service packets, voice packets, video packets and general
packets.

2.3 Security of Home Network

The home network’s security includes computer’s security and network’s security. In
this paper, we just only concentrate on the network security, which existed in
anywhere have network applications. The typical network security is the security of
business data by transfer in E-commerce. The content of network security ranges from
application layer to physics layer of OSI, and mainly is in network layer, data link
layer and physics layer when talked about in broadband access network.

The content of security in physics layer is to prevent wire tapping. Traditional
Ethernet have a basic idea of carrier detect, in which way signal is broadcast in a
shared line from which every one can listen others’ signal. This is not suitable to the
request of physics security. In our broadband access system, we use the switched
Ethernet as the basic transfer link, every user have and only have a separated line with
one of switch port, the signals of which can’t be listened by others.

To provide the security in data link layer, we must prevent the user’s own
information to be broadcast to other users. In general, VLAN can divide the whole
network to several broadcast area, so as to separate the data communication form each
other. But there are some problems in community network, in which many home of
community share a video stream of one video server and they should be in one and
the same VLAN with video server. And at the other times when they have a business
or shopping by network, they hope to be separated with others. So we implemented an
“asymmetric VLAN” technology to support the two requests.

PPPOE is a security technology of network layer on Ethernet. It basic idea is that
by PPPOE, IP packet is put into a PPP frame, which is encapsulated by Ethernet
frame. Every PPPOE user must login on PPPOE server, and establish a virtual PPPOE
channel with PPPOE server on Ethernet before transferring data. When PPPOE user
want to communicate with other user of a same LAN or outer network, PPPOE user
must send or receive data to PPPOE server firstly, and then PPPOE server will
transmit the data to their destination address or PPPOE user. Under PPPOE, everyone
can’t see others’ IP packet directly and they must get admits to network by
authentication, so user’s security and data’s security can be provided well.
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2.4 Network Accounting

An accounting system should include both user authentication and billing. In a
community network, user authentication can be based on PPPOE, or other connection
properties like switch port number, MAC address of home gateway, or IP addresses;
And the following price schemes can be used: (1) Flat fee pricing, this is probably the
most simple and easy pricing scheme. That means subscribers pay each month certain
fixed amount of money, independent of what services they received or how much
traffic they used; (2) Usage-based pricing: The idea behind this scheme is that the
costs should reflect the amount of usage. The switches will record the information of
how much a user used the network, i.e. the amount of data a user has moved, or the
quantity of service he has enjoyed. That way anybody who thinks he needs a bigger
share of the resources of the network can have it by paying more. This pricing scheme
is superior to the flat fee scheme, for it can utilize the information of how a user use
the network; (3) Policy and content based pricing: This is a far more complicated
pricing scheme, it takes more considerations into the pricing decision, such as the
category of services, the traffic amount and time period of the services, even the
discount policy for those big customers can be included. This is a more decent and
integral scheme than the above twos.

3 Broadband Access System

3.1 Basic Ideas

Community broadband access network for integrated services is a very complicated
system, which involves many software and hardware technologies (Figure 1), such as
embedded real-time operating systems, multicast systems, QoS, network
management, communication protocols and routing algorithms.

Broadband Access Sysiem
Embedded 1.inux SW1000 e’\&
Multicast SW100 o5
QoS HG10 85
Services .
PR
Mcox\(\x o>
. cov
¢ Vod Scrver, Real-time D-TV e gOF
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Fig. 1. Technologies of community broadband access system

3.1.1 Embedded Real-Time Operating Systems

Embedded Real-Time Linux is our choice of Embedded Real-Time operating system.
Its kernel has all public source code, which made it easily to develop in the special
hardware environment, and easily to improve the system’s performance. Another
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advantage is that its cost is very cheap than the business system with same
performance. Now, Embedded Real-Time Linux has been used in switches and home
gateway devices.

The software system of our Gbit access switch, named SW1000, is developed
based on the Linux system. We have tailored the Linux kernel, TCP/IP protocol stack
and some network application modules, such as ftp, telnet and so on, and add
install/uninstall module, self-protective module, flow accounting module, VLAN-
support module, IGMP Snooping module, interrupt and debug module to make up of
a new kernel. In user’s space, we add the system configure interface, VLAN
management interface, network management interface and accounting proxy module.

3.1.2 Multicast Systems

The multicast source streams come from digital TV server, video server and other
video provider of WAN, which are selected to decode and playback in home gateway
by residential users. The multicast systems involve the server, switch and home
gateway device. Server can control multicast streams’ output rate by rate shaping and
rate control algorithm, at the same time the receivers decrease the influence of delay
jitter on the playback quality by pre-buffering video data. The IGMP modules in
home gateway cooperate with IGMP Snooping modules in switch to implement the
dynamic join and exit of a multicast group. This dynamic group management is the
base of dynamic selection of channel. A demand of one channel is in fact that a user
joins the multicast group corresponding to this channel, the exit of one channel is
correspond to the exit of the multicast group, the switch from one channel to another
channel is made up of the two operations.

3.1.3 QoS Provisioning Systems

The QoS system exists in the server, switch and home gateway. It is implemented
based on the RSVP, by which switch reserve the bandwidth that server or home
gateway requests. The switch has an access control policy, by which switch will deny
the new streams if there are no enough bandwidth to satisfy their requests, so to avoid
the network’s congestion. Server and home gateway transfer and receive data streams
only if their bandwidth request is satisfied. Switch also can classify, queue and
scheduler the packets by the defined priority.

VoD & D-TV ﬁi"g’i Residential
Servers RESV Devices RESY L Gateway

Fig. 2. The mechanism of RSVP



Community Network with Integrated Services 51

3.1.4 Network Management Systems

Network management system of a broadband community network consists of error
management, configuration management, performance management, security
management and account management. It bears the same design principle as the
network management system in telephone networks, while they have very different
focuses. The telephone network focuses on the management of network elements,
while a community network puts more emphasis on the category of services and QoS
management.

3.2 Implementation

The idea of our IP-based broadband community network is offering convergent
services of Internet, IP phone and Digital TV through combined network of fiber and
LAN. The system is composed of Digital TV receivers, video servers, TV conference
servers, accounting servers, network management servers, broadband switches, home
gateways, PCs, analog or digital TV sets, and IP phone(Fig. 3).

WAN TFibre

Sattelite

TV conference Sexwer

Account1yg Server

Support Multicast,
QoS, IGMP,  SNMP

Residential Gateway) E—%
10/190M 1P Phone 1P Phone _

R sJJdcutial Gateway
PC Residential Gateway

DIV Analog TV

DIV®  Analog TV

Fig. 3. IP-based broadband community network

Digital TV server’s main function is to receive the signals from satellites, demodulate
the DVB streams from them, demux the specified streams and put them into the IP
packets, lastly send them to users by network or store them in the video database. This
digital TV server consists of a high-performance computer, a receiving card for
satellite TV, network card and the software system.

Video server’s main function is to store, edit and send audio or video program. It
mainly consists of a high-performance computer, a network card and a video
database, which usually is a large scale disk-array.
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3.2.1 Switches

The Gigabit switch SW1000 and the 100M switch SW100 are the main network
access devices for community network. SW1000 supports 8~48 ports of 10/100Mbps
or 1~6 Gigabit ports, each of them has the line-speed data switch capability. SW1000
consists of four modules: switch fabric modules, fast Ethernet modules, Gigabit
Ethernet modules, supervisor modules. SW100 support 16~32 ports of 10/100Mbps,
each of which has the line-speed data switch capability. SW100 consists of three
modules: switch fabric modules, fast Ethernet modules, supervisor modules.

3.2.2 Home Gateway

Home gateway is the network access device for home network, and it is also a
playback device for digital TV and other video programs. Its main function include:
provide the playback of digital TV with SDTV quality, and provide IP telephone
service, and provide internet data access such as www, email or other, and provide
video-on-demand service, and provide the management automation for community.
This device can decode and playback the DVB streams, and support the video output
of RGB, S-Video, composite Video, and support the video output by PAL/NTSC, and
support stereo audio output.

The home gateway device’s interfaces consist of two ports of 10BaseT Ethernet,
one S-Video port, one RGB port, one composite video port, and a pair of stereo audio
ports. One of the Ethernet ports is connected to the ports of switch, and the other one
is connected to PC or other network device of home user.

3.3 Future Development

3.3.1 Wireless Access

The coming down price of wireless devices and the rapid development of wireless
technologies make the wireless home network design a reality. Now we are making
enhancements to our home gateway devices, adding wireless modules to the device,
so that the gateway can function as an access points for household wireless devices.
(Figure 4).

3.3.2 Transition to IPv6

The community broadband network is the extension of Internet, which connects every
home into a whole network. But the scale of this network is limited because the
limited number of IP address. Today’s IP address is based on IPv4, of which available
address will exhaust in the very short future. The NAT technology can only slow
down this process and can’t radically solve the lacking-address problem because more
and more applications are based on the bidirectional UDP communication. Another
problem is the QoS and security which can’t be taken great improvement by IPv4.
IPv6 is designed to address these problems[7], so it becomes another focus of our



Community Network with Integrated Services 53

future research. The content of IPv6 project consists of how to transfer from IPv4 to
IPv6 smoothly and the new feature of broadband access and integrated service under
IPvo6.
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Fig. 4. Enhancement of Broadband Community Network

4 Conclusion

The broadband access network system for integrated services which this paper design
and implement is based on IP, and is suitable to not only the community network with
dense residential , but also the campus and enterprise network. This system’s success
will greatly drive the information process of community.
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Abstract. In this paper, we present a set of classification models by using
multiple criteria linear programming (MCLP) to discover the various behaviors
of credit cardholders. In credit card portfolio management, predicting the
cardholder’s spending behavior is a key to reduce the risk of bankruptcy. Given
a set of predicting variables (attributes) that describes all possible aspects of
credit cardholders, we first present a set of general classification models that
can theoretically handle any size of multiple-group cardholders’ behavior
problems. Then, we implement the algorithm of the classification models by
using SAS and Linux platforms. Finally, we test the models on a special case
where the cardholders’ behaviors are predefined as five classes: (i) bankrupt
charge-off; (ii) non-bankrupt charge-off; (iii) delinquent; (iv) current and (v)
outstanding on a real-life credit card data warehouse. As a part of the
performance analysis, a data testing comparison between the MCLP and
induction decision tree approaches is demonstrated. These findings suggest that
the MCLP-data mining techniques have a great potential in discovering
knowledge patterns from a large-scale real-life database or data warehouse.

Keywords: Data Mining, Multi-criteria Linear Programming, Classification,
Algorithm, SAS and Linux platforms

1 Introduction

The history of credit card can be traced back to 1951 when the Diners’ Club issued
the first credit card in the US to 200 customers who could use it at 27 restaurants in
New York [1]. At the end of fiscal 1999, there are 1.3 billion payment cards in
circulation and Americans made $1.1 trillion credit purchases [2]. These statistics
show that credit card business becomes a major power to stimulate the US economy
growth in the last fifty years. However, the increasing credit card delinquencies and
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personal bankruptcy rates are causing plenty of headaches for banks and other credit
issuers. The increase in personal bankruptcy rates was substantial. From 1980 to
2000, the number of individual bankruptcy filings in the US increased approximately
500% [3]. How to predict bankruptcy in advance and avoid huge charge-off losses
becomes a critical issue of credit card issuers. Since a credit card database can
contain hundreds and thousands of credit transactions, it is impossible to discover or
predict the cardholders’ behaviors without using mathematical tools. In fact, the
practitioners have tried a number of quantitative techniques to conduct the credit
card portfolio management. Some examples of known approaches are (1) Behavior
Score developed by Fair Isaac Corporation (FICO) [4]; (2) Credit Bureau Score also
developed by FICO [4]; (3) First Data Resource (FDR)’s Proprietary Bankruptcy
Score [5]; (4) Multiple-criteria Score [6,7] and (5) Dual-model Score [8]. A basic
characteristic of these models is that they first consider the behaviors of the
cardholders as two predefined classes: bankrupt accounts and non-bankrupt accounts
according to their historical records. Then they use either statistical methods or
neural networks to compute the Kolmogorov-Smirnov (KS) value that measures the
largest separation of these two cumulative distributions of bankrupt accounts and
non-bankrupt accounts in a training set [9]. The resulting KS values from the
learning process are applied to the real-life credit data warehouse to predict the
percentage of bankrupt accounts in the future. Thus, these methods can be generally
regarded as two-group classification models in credit card portfolio management.

In order to discover more knowledge for advanced credit card portfolio
management, multi-group (group number is larger than two) data mining methods
are needed. Comparing with two-group classification, the multi-group classifier
enlarges the difference between bankrupt accounts and non-bankrupt accounts. This
enlargement increases not only the accuracy of separation, but also provides more
useful information for credit card issuers or banks. From theoretical point of view, a
general model of multi-group classifier is easy to construct. From practical point of
view, the best control parameters (such as class boundaries) have to be identified
through a learning process on a training data set. Therefore, finding the practical
technology with certain size of multi-group classifier is not trivial task. Peng er al
[10] and Shi et al [7] have explored a three-group classifier considering the number
of months where the account has been overlimit. This model produces the prediction
distribution for each behavior class and inner relationship between these classes so
that credit card issuers can establish their credit limit policies for various
cardholders.

The purpose of this paper is to build a set of data mining models to classify
credit cardholders’ behavior. Then these models are tested on the real-life data for
five groups of credit cardholders who are predefined as: Bankrupt charge-off
accounts, Non-bankrupt charge-off accounts, Delinquent accounts, Current accounts
and Outstanding accounts. Bankrupt charge-off accounts are accounts that have
been written off by credit card issuers because of cardholders’ bankrupt claims. Non-
bankrupt charge-off accounts are accounts that have been written off by credit card
issuers due to reasons other than bankrupt claims. The charge-off policy may vary
among authorized institutions.
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2 Models of Multiple Criteria Linear Programming
Classification

A general problem of data classification by using multiple criteria linear

programming can be described as [11]:

Given a set of r variables or attributes in database a = (q, , ..., a), let A, = (4, ...,

A, ) € R be the sample observations of data for the variables, where i = 1, . . ., n

and n is the sample size. If a given problem can be predefined as s different classes,
G,, ..., G, then the boundary between the jth and j+1th classes can be bj, j=1,...,
s-1. We want to determine the coefficients for an appropriate subset of the variables,
denoted by X = (x, .. ., )cr)T € R’ and scalars bj such that the separation of these
classes can be described as follows:

A X<b,A; e G3bp_1 A, X=<bp,A;e G,k=2,..,51; A, X2bg_1,
A;e G;whereA ;e Gj,j:],..., s, means that the data case A ; belongs to the

class G.

J
The quality of classification is measured by minimizing the total overlapping of data
and maximizing the distances of every data to its class boundary simultaneously. Let

a z] be the overlapping degree with respect of data case A ; within G; and G;j,;, and

ﬁlj be the distance from A; within G; and Gy, to its adjusted boundaries. A

multiple criteria linear programming (MCLP) classification model can be defined as:

M1)  Minimize X; Z/alj and Maximize X, Z/ﬁl]

Subject t0: A;X <b, +a; , A;€ G, bk_l-af?_l <A X _<bk+alk, A;€ G,
k=2,...,S-];Ainbs_l-af_l,Aie G; bk—l +0{5’€_1 —<bk -alk,k:Z,...,s—I,
where A ; are given; X and b, are unrestricted; and ai],ﬂl-] 20, forj=1,..,s1i=1 ..,

n.

Note that the constraints b _1 + 055-(_1 <by - af-{ ensure the existence of the

boundaries. If minimizing the total overlapping of data, maximizing the distances of
every data to its class boundary, or a given combination of both criteria is considered
separately, model (M1) is reduced to linear programming (LP) classification (known
as linear discriminant analysis), which is initiated by Freed and Glover [12].
However, the single criterion LP could not determine the “best tradeoff” of two
misclassification measurements. Therefore, the model (M1) is potentially better than
LP classification in identifying the best tradeoff of the misclassifications for data
separation. To facilitate the computation on the real-life data, a compromise solution
approach [13,14,15] is employed to reform model (M1) for the “best tradeoff”

between 2 Zjaij and X Z]ﬁlj . Let us assume the “ideal values” for s-/ classes

overlapping (-2 a},..., -2 af_l) be (ai,...,ai_l) >0, and the “ideal values” of
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(Ziﬁ:-, Ziﬂf_l ) be (ﬂl i_l). When -Zioci] > o , we define the regret
measure as —d;= ocf + ZiOLij; otherwise, it is 0, where j = [, . . ., s-1I. When -

X, OL; < o], we define the regret measure as d;’. =ol + 2z ocij ; otherwise, it is 0,
wherej = I, ..., s-1. Thus, we have:

+
G.(].’

J iy - - g+
lo, +2,a;1=d +d0g-,andd0y,d0g2

Theorem 1. o + X, o] = dy -d w

0j=1...sI

Similarly, we can derive:

; ; _ + ; ; _ _
Corollary 1. B! - %, 8] =dy -d g, \B! - X, B} 1=dy +d,anddy , d g > 0,
j=1, ... s-1.

Incorporating the above results into model (M1), it is reformulated as:
s—1

_ + - +
(M2) Minimizez dy +doj+dg +dg)
j=1
Subject to: al +Ei0!ij =d;9- 'd:;j,j=1,---, S-1§ﬁ:{ 'Ziﬁij =d;j _d;f’jZL'”’
s-1;

A X<b, +a} A, € G bk_l-af-‘_l _<AiX_<bk+alk,Aie G.k=2...,51;

Ainbs_l-af_l,Aie G:br_q +af~‘_1 <by -alk,k=2,...,s—1,

. . . . y y _ +
where A, al, and ﬁf are given; X and bj are unrestricted; and al-J, ,BZJ, doq., doq.,

dg.dy20forj=1,..,sli=1l. ,n

We can call model (M1) or (M2) is a “weak separation formula” since it considers as
many overlapping data as possible. We can build a “medium separation formula” on
the absolute class boundaries in (M3) and a “strong separation formula” which
contains as few overlapping data as possible in (M4).

s—1

- + - +
(M3) Mim'mizez (o +dgj+dg +dpg)
j=1
' j j - + o, -y J P T
Subject to: ¢t + Zia; =dy -dp j=1...51 B -Z;B; =dg -dg,j=1...,
s-1;
AiXsb,Aj€ Gibp| SAXsbp, A€ Gok=2... 513

A X2bg A€ Gibyoy +e<bg-ark k=2 s
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. . . . ; y _ +
where A, €, al, and ﬂf are given; X and bj are unrestricted; and ai], ,BZJ, daj, doq.,

dg.dg>0forj=1.. . sli=1.. .n

s—1
L - + - +
(M4)  Minimize E (dog'+d0{i+dﬁj +dﬁj)
J=1

. L i - + . P i - o
Subject to: ot + X; o] —doq-—daj,]—l,...,s—l,ﬁ* -2 B —dﬁj—dﬁ,]—l,...,
s-1;

A X<b,-a},A;€ G; bk_1+af-‘_1 _<AiX_<bk-alk,Aie G.k=2...,5I;

Aixzbs_ﬁai“l,A,.e G;bj_| +af~‘_1 <bg -af‘,k:l...,s-z,

. . . . y y _ +
where A, al, and ﬁf are given; X and bj are unrestricted; and al-J, ,BZJ, doq., doq.,

dg dy20forj=1,..,sli=1l. ,n

A loosing relationship of models (M2), (M3), and (M4) is given as:

Theorem 2. If a data case A ; is classified in a given class G, by model (M4), then it
may be in G, by using models (M3) and (M2). If a data case A ;is classified in a
given class G, by model (M3), then it may be in G, by using models (M2).

Example 1. As an illustration, we use a small training data set adapted from [16,17]
in Table 1 (Column 1-6) to show how the two-class model works.

Suppose whether or not a customer buys computer relates to the attribute set {Age,
Income, Student and Credit_rating}. We first define the variables Age, Income,
Student and Credit_rating by numeric numbers as follows:

For Age: “<30” assigned to be “3”; “31...40” to be “2”; and “>40" to be “1”.

For Income: “high” assigned to be “3”; “medium” to be “2”’; and “low” to be “1”.
For Student: “yes” assigned to be “2” and “no” to be “1”.

For Credit_rating: “excellent” assigned to be “2” and “fair” to be “1”.

G1 = {yes to buys_computer} and G2 = {no to buys_computer}

Then, letj = 1, 2and i = 1, . . ., 14, model (M2) for this problem to classify the
customer’s status for {buys_computer} is formulated by

Minimize d,, +d," + dg + dg’

Subject to:

ot + Xo =d, -dy pF-ZP =dg - dy,

26,43, +x,+x,=b+ -, x,+2x,+x,+x,=b+ a,- 5,

X, +x,+2x,+x,=b+0a,-8,2x,+x,+2x,+2x,=b + o, - 3,
36,4+, +2x,+x,=b+ - B, x, +2x,+2x,+x,=b + 0y, - 5,
3,4+ 2%, + 2x,+ 2x,=b+ o,- B, 2x, + 2x, + x,+ 2x,= b + o, - f3,
2%, 43, + 2x,+x,=b+ 0,- B, 3x,+ 3, +x, +x,=b + o, - B,
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3, + 30, +x,+2x,=b+a,-B,x,+x,+2x,+2x,=b+ @,- f3,
3+ 20, +x,+x,=b+a,- B, x,+2x,+x,+2x,=b+ a,- B,
where a*, and f* are given, x,, x,, x,, x, and b are unrestricted, and ¢, §, d,,
d,',dg,dg 20,i=1,..., 14

Before solving the above problem for data classification, we have to choose
the values for the control parameters o*, §* and b. Suppose we use a* = 0.1, f* =
30000 and b = 1. Then, the optimal solution of this linear program for the classifier
is obtained as Column 7 of Table 1, where only cases A, and A, are misclassified. In
other words, cases {A,,A,A, A, A,,A, A, A} are correctly classified in G1, while
cases {A,, A, A, A, 4}are found in G2 Slmllarly, when we apply models (M3) and
(M4) with € = 0, one of learning processes provides the same results where cases
{A,A,A, A, As} are correctly classified in G1, while cases {A,, A, A, A} are
correctly found in G2. Then, we see that cases {A,, A, A, A,} class1fled in G1 by
model (M4) are also in G1 by models (M3) and (MZ) and cases {A,, A, A}
classified in G2 by model (M4) are in G2 by model (M3) and (M2). This is
consistent to Theorem 2.

Table 1. A two-class data set of customer status

Cases Age Income Student Credit Class: Training
Rating buys_ results
computer
A 31...40 high no fair yes success
A, >40 medium no fair yes success
A, > 40 low yes fair yes success
A, 31...40 low yes excellent yes success
A <30 low yes fair yes success
A, >40 medium yes fair yes success
A, <30 medium yes excellent yes success
A 31...40 medium no excellent yes failure
A, 31...40 high yes fair yes success
A, <30 high no fair no success
A, <30 high no excellent no success
A, >40 low yes excellent no failure
Ay, <30 medium no fair no success
A, >40 medium no excellent no success

3 Algorithm Implementation and Software Development

A general algorithm to execute the MCLP classification method can be outlined as:

Algorithm 1.

Step I  Build a data mart for task data mining project.

Step 2 Generate a set of relevant attributes or dimensions from a data mart,
transform the scales of the data mart into the same numerical measurement and
determine predefined classes, classification threshold, training set and verifying set.
Step 3 Use the MCLP model to learn and compute the best overall score (X*) of
the relevant attributes or dimensions over all observations.

Step 4 Discover the interested patterns that can best match the original classes
under the threshold by choosing the proper control parameters (o*, f* and b). If the
patterns are found, go to Step 5. Otherwise, go back to Step 3.

Step 5 Apply the final learned score (X**) to predict the unknown data cases.
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Two versions of actual software have been developed for the MCLP
classification method. The first version is based on the well-known commercial SAS
platform. In this software, we have applied SAS codes to execute Algorithm 1 in
which the MCLP models (M2)-(M4) utilize SAS linear programming procedure.
The second version of the software is written by C++ language running on Linux
platform. The reason for developing Linux version of the MCLP classification
software is that the majority of database vendors, such as IBM are aggressively
moving to Linux-based system development. Our Linux version goes along with the
trend of information technology. Because many large companies currently use SAS
system for data analysis, our SAS version is also useful to conduct data mining
analysis under SAS environment.

4 Experimental Results from a Real-Life Database

Given a set of attributes, such as monthly payment, balance, purchase, and cash
advance and the criteria about “bankruptcy”, the purpose of data mining in credit
card portfolio management is to find the better classifier through a training set and
use the classifier to predict all other customer’s spending behaviors [18]. The
frequently used data-mining model in the business is still two-class separation
technique. The key of two-class separation is to separate the “bankruptcy” accounts
from the “current” accounts and identify as many bankruptcy accounts as possible.
This is also known as the method of “making black list.” The examples of popular
methods are Behavior Score, Credit Bureau Score, FDC Bankruptcy Score, and Set
Enumeration Decision Tree Score [6]. These methods were developed by either
statistics or decision tree. Using a terabyte real credit database of the major US
Bank, the SAS version of two-class MCLP model (as in Example) has demonstrated
a better predication power (e.g., higher KS values) than these popular business
methods [6].

4.1 Testing on Five-Class MCLP Models

We demonstrate the experimental results of 5-class MCLP model in Linux version
on a real-life credit data warehouse from a major US bank. Since this database
contains 64 attributes with a lot of overlapping, we employed the weak separation
model (M2).

In the five-class MCLP model, we defined five classes as Bankrupt charge-off
accounts (the number of over-limits > 13), Non-bankrupt charge-off accounts (7 <
the number of over-limits < 12), Delinquent accounts (3 < the number of over-limits
< 6), Current accounts (1 < the number of over-limits < 2), and Outstanding accounts
(no over limit). We selected 200 samples with 40 accounts in each class as the
training set. The same 5,000 samples with 53 in G1; 165 in G2; 379 in G3, 482 in G4
and 3921 in G5 were used as the verifying set. We found, in the training process,
that G1 has been correctly identified 47.5% (19/40), G2 55% (22/40), G3 47.5%
(19/40), G4 42.5% (17/40), and KS values 42.5 for G1 vs. G2, G2 vs. G3 and G3 vs.
G4, but 67.5 for G4 vs. G5 in Figure 1. When we used this as the better classifier, we
predicted the verifying set as G1 for 50.9% (27/53), G2 for 49.7% (82/165), G3 for
40% (150/379), G4 for 31.1% (150/482) and G5 for 54.6% (2139/3921). The
predicted KS values are 36.08 for G1 vs. G2, 23.3 for G2 vs. G3, 27.82 for G3 vs.
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G4, and 42.17 for G4 vs. G5 in Figure 2. This indicates that the separation between
G4 and G5 is better than other situations. In other words, the classifier is favorable
to G4 vs. G5. We note that many real-life applications do not require more than five
classes separations. This claim is partially supported by psychological studies.
According to [19], Human attention span is “seven plus or minus two”. Therefore,
for the practical purpose of classification in data mining, classifying five interesting
classes in a terabyte database can be very meaningful.
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Fig. 1. Five-Class Training Data Set
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Fig. 2. Five-Class Verifying Data Set

4.2 Comparison of MCLP Method and Decision Tree Method

A commercial Decision Tree software C5.0 (the newly updated version of C4.5) was
used to test the classification accuracy of the multiple classes (from two to five)
against MCLP methods [17, 20]. Given a terabyte credit card database of the major
US Bank, the number samples for the training sets were 600 for two-class problem,
300 for three-class problem, 160 for four-class problem, and 200 for five-class
problem. The verifying sets were used the same 5,000 credit card records as in
Section 4.1. Table 2 summarizes these comparisons of two methods. As we see,
generally the decision tree method does a better job than the MCLP method on
training sets when the sample size is small. When applying the classifier from the
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training process on the larger verifying sets, the MCLP method outperforms the
decision tree method. Two issues may cause this evidence. One is that the MCLP
method as a linear model may miss some nonlinear nature of data, while the decision
tree is nonlinear model. This could be the reason why the latter is better than the
former in the training process. However, the robustness and stability of the MCLP is
better than the decision tree when the classifier is applied to predict the classification
of the verifying sets. This may be due to the fact that the MCLP method employs
optimization to find the optimal factors from all feasible factors for the scores while
the decision tree method just selects the better tree from a limited built trees, which
is not a best tree. In addition, when the decision tree gets big (i.e., the size of the
verifying sets increase), the pruning procedure may further eliminate some better
branches.

Table 2. Five-class Comparison of MCLP and Decision Tree

3 Multi Criteria Linear Programming Decision Tree
Classes
Class (a) (b) (c) (d) (e) Total Class (a) (b) (c) (d) (e) Total
1 19 21 0 0 0 40 1 35 4 0 1 0 40
T-Set 2 3 22 15 0 0 40 2 0 37 1 2 0 40
3 0 8 19 13 0 40 3 0 1 38 0 1 40
4 0 0 6 17 17 40 4 0 0 5 29 6 40
5 0 0 0 10 30 40 5 0 0 0 2 38 40
Class (a) (b) (c) (d) (e) Total Class (a) (b) (c) (d) (e) Total
1 27 18 6 2 0 53 1 41 6 4 2 0 53
V-Set 2 26 82 42 14 1 165 2 30 82 31 16 6 165
3 20 145 150 41 13 379 3 38 104 159 63 14 379
4 13 70 182 150 32 482 4 26 73 178 162 44 482
5 28 110 470 1074 2139 | 3921 5 85 95 1418 428 1895 3921

Furthermore, a parallel experimental study on the MCLP classifications through
the developed SAS version can be referred to [18]. For the sake of space, we will not
elaborate on the results here.

5 Concluding Remarks

There are some research and experimental problems remaining to be explored. From
the structure of MCLP formulation, the detailed theoretical relationship of models
M2), (M3), and (M4) need to be further investigated in terms of classification
separation accuracy and predictive power. In addition, in the proposed MCLP
models, the penalties to measure the “cost” of misclassifications (or coefficients of

5 zal
on the classification results can be studied, and a theoretical sensitivity analysis of
the misclassification in the MCLP models will be also conducted. From
mathematical structure point of view, a multiple criteria non-linear classification

and X; 23 l] ) were fixed as 1. If they are allowed to change, their influence

model may be generalized if the hyper-plane X becomes non-linear cases, say X ”, p
>1. The possible connection of the MCLP classification with the known Support
Vector Machine (SVM) method in pattern recognition can be researched. In the
empirical tests, we have noticed that identifying the optimal solution for model (M2),
(M3), or (M3) in the training process may be time-consuming. Instead, we can apply
the concept of fuzzy multiple criteria linear programming to seek a satisfying
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solution that may lead to a better data separation. Other well-known methods, such
as neural networks, rough set, and fuzzy set should be considered into part of the
extensive comparison study against the MCLP method so that the MCLP method can
be known in the data mining community for both researchers and practitioners. We
will report any significant results from these ongoing projects in the near future.
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Abstract. This paper discusses continuous time Markov decision processes with
criterion of expected discounted total rewards, where the state space is count-
able, the reward rate function is extended real-valued and the discount rate is a
real number. Under necessary conditions that the model is well defined, the state
space is partitioned into three subsets, on which the optimal value function is pos-
itive infinity, negative infinity, or finite, respectively. Correspondingly, the model
is reduced into three submodels, by generalizing policies and eliminating some
worst actions. Then for the submodel with finite optimal value, the validity of the
optimality equation is shown and some its properties are obtained.

1 Introduction

Markov decision processes (MDP) have been studied well since its beginning in 1960s.
While continuous time MDP (CTMDP) [1]], as one of its three basic models, was also
studied well though has some delay with respect to the other two basic models, discrete
time MDP (DTMDP) [2], and semi-Markov decision processes (SMDP) [3]]. A new area
is the hybrid system which combines event-driven dynamics and time-driven dynamics,
e.g., see [4]]. The criterions include discounted criterion, average criterion, expected total
rewards and mixed criterion, etc. The standard results in MDP with discounted criterion
include the following three aspects. 1) The model is well defined. 2) The optimality
equation holds. 3) A stationary policy achieving the supermum of the optimality equation
will be optimal. In order to obtain these standard results, some conditions should be
required. The general and the most usual method to study a MDP model is first to
present a set of conditions for the model, and then, based on the conditions, show the
standard results 1), 2) and 3) successively.

There are various conditions presented in literature, especially for DTMDP and
SMDP. As for CTMDP with discounted criterion, [5] studied it with unbounded transition
rates by using the general method. In [6], the author studied the CTMDP also with
unbounded transition rates but by using a transformation method, which can transform
the CTMDP into a DTMDP under the discounted criterion. Under this transformation, the
corresponding optimality equations and discounted objective functions for the stationary
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Institute of Applied Mathematics, Academia Sinica and by GRANT-IN-AID FOR SCIENTIFIC
RESEARCH (No.13650440), Japan.
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policies in the CTMDP model and the DTMDP model are equivalent. So the results for
CTMDP can be obtained directly from that for DTMDP. In [7], the author studied
CTMDP with bounded transition rates also by a transformation, but under which only
the discounted objectives for stationary policies in the CTMDP model and the DTMDP
model are equivalent. On the other hand, in [8] the author presented a set of conditions
for unbounded reward rate. Recently, in [9] the authors discussed a denumerable-state
CTMDP with unbounded transition and reward rates. But the method they used is a
combination of that of [6] and [§]. In [10], the authors discussed the same model and
same conditions but on average criterion.

But there are few studies about expected total rewards criterion. Though the methods
presented in [6] and [7] may be used to study it with nonpositive or nonnegative rewards,
it is restricted to the stationary policies and can not deal with the general reward rate
function or the negative discount rate.

The various conditions presented in literature are only sufficient for MDP. On the
contrary, we try to study the necessary conditions, i.e., we want to see what results can
be obtained under the condition that the MDP model is well defined. This condition is
only the standard result 1), and is obviously the precondition for studying MDP. It is
interesting to see if the standard results 2) and 3) can be implied by it. In [[L1], we studied
it for DTMDP with expected discounted total rewards.

This paper is a subsequent one to [L1]] for CTMDP, where the state space is countable,
the reward rate function is extended real-valued and the discount rate may be any real
number. The criterion is the discounted expected total rewards with no limits on the
discount factor. So it includes the traditional discounted criterion and the expected total
rewards criterion. We first generalize the general Markov policies into piecewise semi-
Markov policies. Then under the condition that the model is well defined, we show
that after eliminating some worst actions, the state space S can be partitioned into three
subsets, on which the optimal value function equals +o00, —o0, or is finite, respectively.
According to it, the original MDP model can be decomposed into three corresponding
sub-models. In the one with finite optimal value, the reward rate function is finite and
bounded above at each state, and the validity of the optimality equation is discussed.

The remainder of the paper is organized as follows. Section 2 gives the formulation
of the model and presents two conditions, under which Section 3 decomposes the state
space and the MDP model. Section 4 discusses some properties of the CTMDP model.
In Section 5, the validity of the optimality equation with finite optimal value is shown
and several its properties are discussed. While Section 6 is a concluding section.

2 Model and Conditions
The CTMDP model discussed here is
{SvA(i)7qij(a)ar(i7a)aUC¥} (1)

where the state space S and the action set A(i), available at state ¢, are countable;
{gij(a)|i, j€S,acA(i)} is the state transition rate family satisfying ¢;;(a) > 0 for
i /=jand }_; gij(a) = 0 for (i,a)€l" := {(i,a)|[i€S, a€A(i)}, and it is assumed that
A(7) := sup{—qii(a)|lacA(i)} < oofori€S;therewardrate functionr (i, a) is extended
real-valued; U, is the objective function for the criterion of expected discounted total
rewards with discount factor a«€(—o0, +00), and will be defined below.

We suppose that the measure about the time variable ¢ is the Lebesgue measure.
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We define the following policies as in literature, a Markov policy © = (m,t >
0)€ll,,, a stochastic stationary policy mo€Il;, a stationary policy f € F = Xx;A(i).
For a policy m = (m;) and s > 0, we define a policy n° = (7})€ll,, by 7} = 75y
for ¢ > 0. For any policy 7 = (m;)€Il,, and t > 0, we define a matrix Q(m,t) =
(gij(m,t)) with g;;(m, 1) = > c 4s) @5(a)me(ali) and a vector r(m,t) = (ri(m,t))
with (7, ¢) = >_,c a5 7(i; a)me(ali). Thus, g;;(m, ¢) and r; (7, t) are respectively the
state transition rate family and the reward rate function under policy 7. If 1 = moelly,
then both Q(7g,t) and r (7o, t) are independent of ¢, and will be denoted respectively
by Q(m0) = (¢i;(m0)) and r(mo) = (ri(mo)).

CONDITION A: For any policy m€1,,, the Q(m, t)-process { P(m, s,1),0<s<t < oo}
exists uniquely and is the minimal one; moreover, for any 0<s<t<u < oo,

%P(ﬂ, s,t) = P(m,s,t)Q(m,t), P(rm,s,u) = P(m,s,t)P(m, t,u),

Z-Pij(Tl',S7t) =1, P»L'j(71'78,8) :6ij7 1, € S.

One can find the consjtructing algorithm for the minimal Q-process in [12] (II. 17) for
stationary case and in [[I] for nonstationary case. Condition A is true when g;;(a) is
bounded, or under the assumptions presented in [5] when g;;(a) is unbounded.

Now, we generalize the concept of policies. Let Y (¢) be the state of the process at time
t. Given any integer N, real numbers {¢;,i = 1,2,..., N} with0 =ty < t; < ... <
tny < tni1 = oo, and Markov policies {7™ n = 0,1,2,...,N,i€S} C II,,, we
define a policy m = (7% n = 0,1,2,...,N,i€S) as follows: forn = 0,1,2,..., N,
if Y(t,) = 14, then 7™ is used in time interval [t,,t,1), i.e., the action is chosen
according to m;"", (-|j) at time t€[t,, t,41] if Y'(t) = j€S. Such a policy, denoted
by © = (7™*) for short, is called a (finite) piecewise semi-Markov policy, the set of
which is denoted by I7,,,(s). If all 7% = f™¢cF, then 7w = (f™*) is called a piecewise
semi-stationary policy, the set of which is denoted by IT%(s).

For such a policy =, if Y (¢,,) = 4, then the system in [t,,, t,,11] is @ Markov process
with transition probability matrix P(7™%, s,t). So, the system under it is a special case
of piecewise Markov process (see [13]). In details, for each s and ¢t with 0 < s < ¢t
and i, j€S, suppose that €[t tymr1] and t€[t,, tn41] for some m<n, then the state
transition probability that the system will be in state j at time ¢ provided that the system
is in state 7 at time s and in state k at time ¢,,, is

Pli(m,s,t) i= Pe{Y () = j|Y(s) = 0,V (tm) = k}
= Z Pij1 (7'l'm’k7 S —tm,ytm+1 — tm)
Ji

E ) . n—1,0pn—m—1
: Pjn—m—ljn—m (7T 707 tn - tnfl)

jn—m
P i (T ). 2

For i, jeS, let Pyj(m,t) = Pj;(m,0,t).
Now, we define the objective function, for a Markov policy m€Il,,, by

Ua(ﬂ’)z/ exp(—at)P(m, t)r(m, t)dt 3)
0
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where the integral is the Lebesgue integral. It is the expected discounted total rewards
on the whole time axis under 7. Let U (7, t) := U, (w?), for t > 0. Obviously,

¢S]

Ua(m,t) = exp(—a(s — t))P(m,t, s)r(m, s)ds 4

is the expected discounted, to ime t, total rewards on the time axis [¢, 00) under 7. And
for m = (7)€l (s) with {t,,,n =1,2,---, N} and ¢ > 0, we define inductively

Un,k( AN trtl (MK (K
o () = exp(—a(s —t)) E P (r™% t, s)r;(w™", s)ds
t -
J

+exp(—altupr = 1) Y Pyt tac) UL (7, b, ),
J

tE€tn,tny1), n=0,1,...,N — 1, k,i€S,
U F(m,t,0) = Ua(n™* t —tn,4), t > ty, k,i€8S. )
Let UMk (m, t,,,i) = 0 fort = t,, and k /=i, and U, (,i) = U2 (x,0,1). Let Uy ()
be the vector with its i-th component U, (7, 7).
CONDITION B: U, () is well defined (may be infinity) for each w€11,,(s).

This condition means that :1) } -, P;; (7, ¢)r;(m, t), and furthermore, the integral in
Eq. (3), are well-defined foreach w € I1,,32) >, Pij(m, t, s)Ua(7', s, j) is well-defined
for every policies m € II,,, and 7’ € II,,,(s); 3) the sum in Eq. (3)) is well-defined. The
condition is necessary to discuss CTMDP. It is well known that it is true whenever
a > 0 and r(i, a) is bounded above or below; or & > 0 and r (4, a) is nonnegative or
nonpositive. Condition B is assumed to be true throughout the paper.

Conditions A and B hold mean that the CTMDP model (Eq. (1)) is well defined.

Because a policy mell,, is also a piecewise semi-Markov policy with arbitrary N
and t1,ts,...,ty, it follows from Eq. (B) that for 7€1l,,,,t > 0,

Ua(m) = / exp(—as)P(m, s)r(m, s)ds + exp(—at) P(mw, t)Ua (7, t), (6)

which means that P(, ¢) can be put out of the integral [, that is,
/ exp(—a(s — t))P(m, s)r(m, s)ds
t

= P(ﬂ',t)/ exp(—a(s —t))P(m,t, s)r(w, s)ds
t

= P(m,t)Uqa (7, t).

Eq. (@) is still true for policies w€11,,(s) by defining r (7, s) adequately.
Let the optimal value function be U (i) = sup{U, (7, )|w€ll,,(s)} for i€S. For

e > 0,7 €l (s), if Uy(n*,4) > Uk(i) —e (if UX(i) < 400) or > 1/e (if UZ(i) =
+00), then 7* is called e-optimal. Here, 1/0 = +oo is assumed. 0-optimal is simply
called optimal.

3 Eliminating the Worst Actions

First, we introduce some concepts. State j can be reached from state ¢ (and write ¢ — 7)
if there are a policy m€1l,,,(s) and ¢t > 0 such that P;;(m,t) > 0. It is easy to see that
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i — j iff there are we€Il,, and t > 0 such that P;;(,t) > 0, or equivalently there are
n > 0, states ji, j2, . .., jn€S and f€F such that ¢;;, (f)g;, ;. (f) ... qj,;(f) > 0.Itis
apparent that if i — j and j — k, then ¢ — k. For a subset Sy C S and a state i, if there
is a state €5, such that ¢ — 7, then we say that Sy can be reached from state ¢, which is
denoted by 7 — Sp. Let S5 = {i|i — So} be a set of states that can reach Sy. Because
i — 14,5050 C S§. A subset Sy of S is called a closed (state) set if ¢;;(a) = 0 for all
1€S0, a€A(7) and jE€Sy, or equivalently, (S — Sg)* = S — Sp. Similarly as above, S
is closed iff P;;(m,t) = 0 for all i€ Sy, 7€, (s),jE€Sy and t > 0.

For any closed subset Sy, if the system’s initial state :€.5y, then the system will
remain in Sy irrespective of the policies used. Thus, the restriction of CTMDP to S,

So-CTMDP = {S(), (A(’L), iES(]),pij (a), ’l"(’i7 CL), Ua}

is also a CTMDP, which is called an induced sub-CTMDP by 5. Its policies are re-
striction of the original policies to Sy. It is clear that Condition A and B are also true for
So-CTMDRP. Let its objective function be Ujo (7).

THEOREM 1: For any closed subset So C S,w€ll,,(s) and i€Sy, Uy(m,i) =

U (m,i).

The theorem says that the induced sub-CTMDP by a closed set .Sy is equivalent to
the original CTMDP in subset Sy. So, if both Sy and S — .S are closed, then CTMDP
can be partitioned into two smaller parts:So-CTMDP and (S — Sy)-CTMDP. On the
other hand, if Sy is closed while UZ (%) for :€S — Sy is known, or a (e-)optimal policy
can be obtained in S — Sy, then one need to discuss only Sy-CTMDP. Thus the state
space is partitioned and reduced.

On the other hand, some actions may be eliminated with no influence on the essential

of the model.
DEFINITION 1: Suppose that A;(i) C A(i) for i€S. We denote by CTMDP' the
CTMDP with A (%) being replaced by A4 (i) (asymbol "’ " is added). If for any policy 7 of
the (original) CTMDP there is a policy 7’ of the CTMDP such that U, (7, ) <U/ (7', %)
for all 4, then the CTMDP is equivalent to the CTMDP’, and we say that A(4) can be
reduced as A; (i) fori€S, or a € A(i) — A; (i) can be eliminated for i € S.

Now, we denote by U (i) = sup{r(i,a)|a€A(i)} and L(i) = inf{r(i,a)|lacA(i)}
respectively the supremum and infimum of the reward rate function r(i,a) over the
action set A(4) for i€S. Let Sy = {i|U(i) = +o0}, S—oe = {ilthere is 7€, (5)
such that U, (7,7) = +00}, Se = {i|UL(i)) = 400} — S—oo, S—co = {i|UL(i) =
—00},80 =85 — Scoo — S0 — S—oo = {i| — 00 < UZ(i) < oo}. These state subsets
have obvious meanings.

LEMMA 1:

1) For i€Sy, there is a policy mo€ Il such that r;(mg) = +o0. So Uy(m,4) = +0o0
and Sy C S—.

2) Fori€S with L(i) = —oo, there is a policy mo€IT; such that ;(7y) = —oo and then
Ua(ﬂo,i) = —OQ.

3) ForieS, L(i) = —oo and U (i) = 400 can not be true simultaneously.

THEOREM 2:
1) St =S_andso S :=5 — S_ is closed.
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2) Fori€S’ — S_o, A(i) can be reduced as

A(i) = {a€A@)|r(i,a) > —co and Y gi;(a) = 0}. ©)
JES oo
After the reduction, S* = S_o andso S” := 5" — S_, becomes closed.

3) ForieS”, A;(i) can further be reduced as

Az (i) = {a€A1(i)|In€l,, with Uy (m,4) > —oo and the Lebesgue
measure of {s € [0, t]|ms(ali) > 0} is positive for each ¢ > 0}. (8)

After this reduction, S%, = S, and so Sy := S” — S is closed.

By Theorem 1 and 2, S can be partitioned into four subsets: S_ ., S—co, Soo, 90-

In S_, each policy is optimal; in S_., there is an optimal policy (in fact, there is

a stochastic stationary optimal policy in Sy); in Soo, U, (7, 4) < oo for each 7, while

UZ(i) = oo, and thus there is no optimal policy, and in Sy, U (%) is finite, and Sy is

closed after eliminating some worst actions. So, one can consider only the following
CTMDP:

So—CTMDP = {So,AQ( ) q”( ) (Z a) U } (9)

Because 1€S_ o, when A3 (i) = 0, Eq. @) is a CTMDP; furthermore, we have

— 00 < Ui(i) < 400, —00 < r(4,a)<U (i) < o0, Vi, a. (10)

It is easy to see that all the above results restricted to I7(s) are also true.
In the remaining of this paper, we discuss mainly the S,-CTMDP, and so will write
So and A5 (%) by S and A(3) respectively for convenience.

4 Some Properties

This section discusses some properties of Sy-CTMDP (Eq. (@) and simplifies the ex-
pression of Ay (7). First, the following lemma is from [12] (IL. 15-17).

LEMMA 2: Suppose that P(t) = (p;;(t)) is ahomogeneous state transition probability
matrix on a countable state space S with a finite transition rate family @) = (g;;). Let
¢i = —¢i;- Then there are nonnegative continuous functions g;; (t) for i, j€.5, on [0, 00),
such that

t
pi;(t) = eXP(*Qit)/ exp(qi$)qigi;(s)ds + exp(—qit)dij, i, JES,t >0
0
where d;; denotes the Kronecker delta function, and for s > 0,¢ > 0,

lim gi;(s) = (1 = 055)q5/ > Zgij( =1, gij(s+1 Zgzk $)pi;(t
J

s—0

Based on the above lemma, one can proved the following two lemmas.
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LEMMA 3: Suppose that P(t) = (p;;(t)), Q and g;;(¢) are as in Lemma 2, sup; ¢; <
o0, u is a finite nonnegative function in S, Z C S,1€S. If )" p;;(t*)u; is finite for
J€Z
some t* > 0, then h;(t) := g; exp(g;t) Y. gi;(t)u; is finite and continuous in [0, t*),
i€z

J
and )" ¢;;u; < oo; otherwise, h;(t) = +oo forall t > 0.

i€z
LEMMA 4: Using the symbols in Lemma 2, Suppose that sup; ¢; < oo, u is a finite
function in S,¢* > 0 and i € S.If 3, pi;(t)u; is finite in [0,¢*], then its derivative is
well-defined and continuous in [0,¢*), and

%{ Zpij(t)ua} = Z %pij Z{ qipi; (t) + qigi; (t) bu;.

Having the above several lemmas for pre preparation, now we can prove the following
theorem, where ST := {i€S|U%(¢) > 0} and S~ := {i€So|U (i) < 0}.
THEOREM 3: 1) P(m, t)U} < oo is well defined for each w€1,,(s) and ¢ > 0.

2) For €1l (s),t > 0 and i€S,if 3, Pj(m, t)U5(j) = —oo, then Uy (7*,4) =
—oo for any piecewise semi-Markov policy 7* = (7)€L, (s) with 7%¢ = 7 and
t; = t, especially, U, (m,7) = —oo0.

COROLLARY 1: Suppose that there is f*€F such that Q(f*) is bounded, then
> ij(a)U5(j) < oo is well defined for any i€ S and a€ A(i).

COROLLARY 2: Suppose that f€F with bounded Q(f),i€S,¢* > 0, [P(f,t)UZ]; is
finite in [0, t*], then [P(f,t)UZ]; is differentiable in [0, ¢*), its derivative is continuous

and
i X ra t)Uzw)} 23 %sz(f, DU20)
Z[P £it) pr fit) i),  teo,th). (11)

We conjecture that the result in Corollary 2 is also true for €1, but it needs that
Lemma 2 holds for a nonhomogeneous Markov process, which is not known to us.

To conclude equations in this section, we give the following theorem on a simplified
expression for Ay (7).
THEOREM 4: If g;;(a) is uniformly bounded, then

Ay (i) € {a€A1(4) qu ) > —oo},  i€S; (12)

moreover, if h;(t) is finite and continuous whenever ;. , g;;u; is finite in Lemma 3,
then

Ay (i) = {a€A; (4) Zqz] )> —oo},  i€S. (13)

Remark 1: 1) By the above theorem, if S~ is finite, or U (7) is bounded below, then
Eq. @) is true when g;; () is uniformly bounded; 2) S~ is empty if U is nonnegative,
especially, if the reward function is nonnegative; 3) UZ(7) is bounded below if ac > 0
and the reward function is bounded below.
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5 Optimality Equation

This section shall deal with the standard results 2) and 3) (see Section 1), that is, we
shall show the optimality equation and the optimality of policies achieving the optimality
equation for So-CTMDP, under the assumption that {g;;(a)} is uniformly bounded, i.e.,
A = sup{—gii(a)]i € S,a € A(i)} < oo.For w€ll,,(s),t > 0 and a finite function
u = (u(7)) on S, we define

Ug(m,t,u) = /0 exp(—as)P(m, s)r(m, s)ds 4+ exp(—at)P(m, t)u

whenever the right hand side is well-defined. Denote U (7, t) = Uq (7, t, UZ) for short,
which is well-defined by Theorem 3. Certainly, U (, t) is the expected discounted total
rewards if 7 is used in [0, ¢] and then an optimal policy is used from ¢.
LEMMA 5: U} = sup{Uz(n,t)|w€ll,,(s)} for t > 0, and U (m,¢) is nonincreasing
in t for any €11, (s).

Now, we introduce our third condition.
CONDITION C: Foreachi € S and a € A(3), there is f and ¢ > O such that f(i) = a
and UX(f,t,1) > —o0.
Remark 2: Two sufficient conditions for Condition C are as follows: 1) the conditions
given in Theorem 4, especially, when .S~ is finite or U is bounded below (see Remark
1); 2) foreach i € S, A(%) can be reduced as

A'(i) ={a € A(i))| sup  Ua(f,i) > —oc},
fEF:f(i)=a

which means that any action a € A(%) should be eliminated if any stationary policy f
using it will have negative infinite objective value. In fact, if A(7) can be reduced as
A’(), then it follows Lemma 5 that U > UX(f,t) > Ua(f) > —oo foreach f € F
and ¢t > 0.

THEOREM 5: Under Condition C, U] satisfies the following optimality equation:

oU3 (i) = sup {r(i;a)+ > ai@Ua@)), €S (14)
J

The policy set is generalized here, but it is often our pleasure to restrict an (¢ > 0)
optimal policy to a smaller and simpler policy set. To do this, our first result is the
following theorem, which says that the optimality can be restricted to II,,, the set
of Markov policies, iff the optimal value function restricted to II,, also satisfies the
optimality Eq. (I4). Let U = sup{U,(m)|m € II,,}. We affirm that U is finite.
In fact, if UJ*(ig) = —oo for some ig € S, then it is easy to see from Eq. @) that
Uq(m,ig) = —oo for each m € II,,,(s). Thus UZ(i9) = —oo, which is a contradiction.
But U* < UZ < o0, 50, U is finite.

THEOREM 6: U} = UZ" iff UZ" is a solution of the optimality Eq. (14).

In order to obtain some properties for the optimality Eq. (14), we define a set, denoted
by W, of finite functions u = (u(¢)) on S satisfying the following conditions: for each
m € Iln(s)and i € S, 3, Pij(m, t)u(j) < oo is well-defined for all ¢ > 0. Moreover,
> Pij(m,t)u(j) > —oo whenever > P;;(m,t)Us(j) > —oc for each t > 0 and
i € S. W is nonempty for U € W. It is clear that U, (7, t,u) < oo is well-defined for
eachu € W.
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LEMMA 6: Suppose thate > 0,84+« > 0,u € W, n€ll,, andi € S. If 7 and u
satisfy the following two conditions, then u(i)<U, (m,i) + (8 + «) ™!

au<lr(m,t) + Q(m, t)u + exp(—pFt)ee, ae.t > 0, (15)
im i - y )<O0.
htrgloilfexp( at)ZPZj(mt)u(j)iO (16)
J
THEOREM 7: Suppose that u € W is a solution of the optimality Eq. (Id) and : € S.

1) ifforsome 8 > —aandeache > 0, there is a policy w€ 1, (s) with Uy (7, 4) > —o0
satisfying Eq. (13) and Eq. (T8), then u(i) < UZ(i);
2) if u satisfies the following (23) for each = € II,,,(s) with Uy(m,i) > —oo, then
u(i) = Ug(4),
li t) Pij(m,t 0. 17
151150101pexp —« Z j(mtu(y) > (17)
It is clear that there is often a policy © = ( ft) € II¢ satisfying Eq. (I3), but it may
be not true that U, (7,7) > —oo. On the other hand, U often satisfies Eq. (IZ)) for
7 € I, (s) with U, (7, 1) > —oo. In fact, by Eq. (@) we know that if U, (7, ) > —o0,
then > P;;(m, t)US () is also finite for each ¢ > 0, and

lim sup exp(—at) ZF’” m,t)Us(7) > limsup exp(—at) ZP” m,t)Ua(m,t,5) = 0.
t—o0 J t—o0 J

The following corollary can be proved easily by Theorem 7 and Lemma 6.
COROLLARY 3: Provided that Eq. (I4)) holds,

1) for any given f € F, if f attains supremum of Eq. (I4), f and U satisfy Eq. (16)
and U, (f) > —oo, then f is optimal;

2) for some 7* € II,,(s), if U, (7*) is a solution Eq. (I4), then 7* is optimal;

3) if for any ¢ > 0, there is a Markov policy 7€ 1% with U, (7) > —oco, 7 and U}
satisfy Eq. (I5) and Eq. (I6) for each i € S, then U = sup{U,(r)|r€Ild};

4) ifa > 0,e > 0, f € F attains the e-supremum of Eq. (T4)), f and U satisfy Eq. (I6),
Uus(f) > —o0, then f is ofls-optimal; moreover, if such f exists for each ¢ > 0,
then U} = sup{U,(f)|f€F};

5) if U2 <0, then U is the largest solution of Eq. (I4) in W satisfying conditions given
in 1) of Theorem 7,

6) Uz is the smallest solution of Eq. (I4) in W satisfying Eq. () for 7 € II,,,(s) and
1€ Swith Uy (7, 1) > —o0.

COROLLARY 4: For feF and i€S with Uy (f, 1) > —00,> ¢i;(f)Ua(f, j) is finite
J
and

Ua(f, 1) )+ Z ai; (F)Ua( £, 5). (18)

To conclude equations in this section, we discuss the CTMDP model (see Eq. (1))
restricted to I7¢(s), the set of piecewise semi-stationary policies. In this case, Theorem
2 is still true except that “ < U (i)” should be deleted in Eq. (I0) and A5 (i), defined by
Eq. (), should be redefined by

As(i) = {a€A;(i)|there is fEF such that f(i) = a and U, (f,i) > —oo}.
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Thus, Condition C is trivial. By noting that Corollary 2 and 4 also hold for f. The
following theorem can be proved similarly as Theorem 5 and 6.

THEOREM 8: Restricted to I1¢(s), U := sup{U, (7)|r € I1%(s)} satisfies Eq. (T4),
moreover, US := sup{U, (f)|f € F} satisfies Eq. (I4) iff U = U3.

6 Conclusions

This paper discussed CTMDP with expected discounted total rewards under the neces-
sary conditions that the model is well defined. We partitioned the state space into three
subsets, on which the optimal value is negative infinity, positive infinity and finite re-
spectively. Thus the discussion on the CTMDP could be restricted in the sub-state space
with finite optimal value (we call it a sub-CTMDP). In fact, the reward rate function of
this sub-CTMDP is finite and is bounded above in the action. Finally, we showed, for
this sub-CTMDP, its optimality equation and the optimality of policies achieving the
optimality equation.

Further research may include if we can deal with the state partition and action
elimination directly on the optimality equation such that the optimality equation can
be obtained whenever it is well defined. Also, Condition C may be proved.
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Abstract. We investigate a pure exchange economy under uncertainty
with emphasis on the logical point of view; the traders are assumed to
have a multi-modal logic with non-partitional information structures. We
propose a generalized notion of rational expectations equilibrium for the
economy and we show the core equivalence theorem: The ex-post core
for the economy coincides with the set of all its rational expectations
equilibria.
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1 Introduction

This article relates economies and multi-agent modal logic. Let us consider a pure
exchange atomless economy under uncertainty. As far as the standard notion of
economy either with complete information or with incomplete information, the
role of traders’ knowledge and beliefs remains obscured: The economy has not
been investigated from the epistemic point of view. Here this article aims to fill
that gap. Specifically, we seek epistemic conditions of traders’ knowledge for the
equivalence between equilibria and core in a pure exchange atomless economy
under uncertainty.

The purposes of this article are: First to propose the multi-modal logic KT by
which the traders use making their decision, secondly to establish the extended
notion of rational expectations equilibrium for the economy, and finally to inves-
tigate the relationship between the ex-post core and the rational expectations
equilibrium allocations with emphasis on modal logical point of view.

The stage is set by the following: Suppose that the trader have the multi-
agent modal logic KT: It is an extension of the propositional logic with many
modal operators requiring only the axiom (T) “ each traders does not know a
sentence whenever it is not true.” The logic have non-partitional information
structures, each of which gives an interpretation of the logic. Each trader has
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own utility function which is measurable, but he/she is not assumed to know
the function completely. It is shown that

Main Theorem. (Core equivalence theorem). In a pure exchange atomless econ-
omy under generalized information, assume that the traders have the multi-modal
logic KT and they are risk averse. Then the ex-post core coincides with the set
of all rational expectations equilibrium allocations for the economy.

Many authors have investigated several notions of core in an economy under
asymmetric information (e.g., Wilson [11], Volij [10], Einy et al [5] and others).
The serious limitations of the analysis in these researches are its use of the
‘partition’ structure by which the traders receive information. The structure is
the Kripke semantics for the modal logic S5;! it is obtained if each trader t’s
possibility operator P, : £2 — 2% assigning to each state w in a state space
2 the information set P;(w) that ¢ possesses in w is reflexive, transitive and
symmetric. From the epistemic point of view, this entails ¢t’s knowledge operator
K; : 2 — 2% that satisfies ‘Truth’ axiom T: K;(E) € F (what is known is
true), the ‘positive introspection’ axiom 4: K¢(E) € Ki(K(E)) (we know what
we do) and the ‘negative introspection’ axiom 5: 2\ K (F) € K;(2\ K(E))
(we know what we do not know).2

One of these requirements, symmetry (or the equivalent axiom 5), is indeed so
strong that describes the hyper-rationality of traders, and thus it is particularly
objectionable. The recent idea of ‘bounded rationality’ suggests dropping such
assumption since real people are not complete reasoners. In this article we weaken
both transitivity and symmetry imposing only reflexivity. As has already been
pointed out in the literature, this relaxation can potentially yield important
results in a world with imperfectly Bayesian agents (e.g. Geanakoplos [7]).

The idea has been performed in different settings. Among other things Geanako-
plos [7] showed the no speculation theorem in the extended rational expectations
equilibrium under the assumption that the information structure is reflexive,
transitive and nested (Corollary 3.2 in Geanakoplos [7]). The condition ‘nested-
ness’ is interpreted as a requisite on the ‘memory’ of the trader.

However all those researches have been lacked the logics that represents the
traders’ knowledge. This article proposes the multi-modal logic of the traders
and the economies under generalized information structure as the models for the
logic. In the structure we shall relax the transitivity, and we extend the ex-post
core equivalence theorem of Einy et al [5] into the models with removing out
transitivity and symmetry.

This article is organized as follows: In Section 2 we present the multi-modal
logic KT and give its finite model property. Further we introduce the notion
“economy for logic KT”, a generalized notion of rational expectations equilib-
rium and ex-post core for the economy. Section 3 gives the existence theorem of
rational expectations equilibrium. In Section 4 we give an outline of the proof of

! C.f.: Chellas [3], Fagin, Halpern et al [6].
2 C.f.: Bacharach [2], Fagin, Halpern et al [6].
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Main theorem. Finally we conclude by giving some remarks about the assump-
tions of the theorem. The detailed proofs except for Theorem 1 and discussions
are given in Matsuhisa, Ishikawa and Hoshino [9].

2 Economy for Multi-modal Logic

2.1 Logic of Knowledge KT

Let T be a set of traders and t € T. Let us modal logics for traders as folows:
The sentences of the language form the least set containing each atomic sentence
P,.(m=0,1,2,...) closed under the following operations:

— nullary operators for falsity | and for truth T;

— unary and binary syntactic operations for negation —, conditionality — and
conjunction A, respectively;

— unary operation for modality [y with t € T.

Other such operations are defined in terms of those in usual ways. The intended
interpretation of [;p is the sentence that ‘trader ¢ knows a sentence .’

A modal logic L is a set of sentences containing all truth-functional tau-
tologies and closed under substitution and modus ponens. A modal logic L’ is
an extension of L if L € L’. A sentence ¢ in a modal logic L is a theorem
of L, written by F; . Other proof-theoretical notions such as L-deducibility,
L-consistency, L-mazimality are defined in usual ways. (See, Chellas [3].)

A system of traders’ knowledge is a modal logic L closed under the 2n + 3
rules of inference (REQ) and containing the schema (N), (M), (C), and (T): For
every t € T

e

RE _
(RED) Oy — gt

N) O:T;
M) Oi(e AY) — (O ADiah);

C) ([OronOwy) — Oi(e AY);

(
(
(
(T) D — 0.

Definition 1. The multi-modal logic KT is the minimal system of trades’ knowl-
edge.
2.2 Information and Knowledge?

Trader ¢’s information structure is a couple ({2, P;), in which {2 be a non-empty
set and P, is a mapping of £2 into 2. It is said to be reflezive if

Ref we P(w) forevery w € {2,

3 See Fagin, Halpern et al [6].
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and it is said to be transitive if
Trn £ € Pi(w) implies P;(&) € Pi(w) for any &, w € §2.

An information structure is a structure (£2, (P;)ier) where (2 is common for all
trader, and it is called an RT-information structure if each P; is reflexive and
transitive.

Given our interpretation, a trader ¢ for whom P;(w) € F knows, in the state
w, that some state in the event E has occurred. In this case we say that at the
state w the trader t knows E. i’s knowledge operator K, on 2 is defined by
K (E) ={w € 2|P,(w) & E}. The set P,(w) will be interpreted as the set of all
the states of nature that t knows to be possible at w, and K; F will be interpreted
as the set of states of nature for which ¢ knows E to be possible. We will therefore
call P; t's possibility operator on {2 and also will call Pi(w) t’s possibility set at
w. A possibility operator P; is determined by the knowledge operator K; such
as Py(w) = g, ps. E- However it is also noted that the operator P; cannot be
uniquely determined by the knowledge operator K; when P; does not satisfy the
both conditions Ref and Trn.

A partitional information structure is an RT-information structure (2, (P)ter)
with the additional condition: For each t € T" and every w € {2,

Sym ¢ € Py(w) implies P;(§) > w .

2.3 Finite Model Property

A model on an information structure is a triple M = (£2, (P;)ter, V), in which
(2, (P;)ter) is an information structure and a mapping V' assigns either true or
false to every w € 2 and to every atomic sentence P,,,. The model M is called
finite if 2 is a finite set.

Definition 2. By =M ¢, we mean that a sentence ¢ is true at a state w in a
model M. Truth at a state w in M is defined by the inductive way as follows:

1 =M P, if and only if V(w,P,,) = true, form=0,1,2,...;

2. EMT, and not EM L

3. EM =y if and only if not M ¢ ;

4. EMp —1 ifand only if EM ¢ implies =M 9 ;

5. EM @Aty ifand only if EM ¢ and EM 4 ;

6. EM0Op if and only if Pi(w) C ||¢||M, for t € T}
Where ||||™ denotes the set of all the states in M at which ¢ is true; this is
called the truth set of p. We say that a sentence ¢ is true in the model M and

write =M o if EM @ for every state w in M. A sentence is said to be valid in an
information structure if it is true in every model on the information structure.
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Let X be a set of sentences. We say that M is a model for X' if every member
of X is true in M. An information structure is said to be for X' if every member
of X is valid in it. Let R be a class of models on a reflexive information structure.
A modal logic L is sound with respect to R if every member of R is a model for
L. It is complete with respect to R if every sentence valid in all members of R is
a theorem of L. We say that L is determined by R if L is sound and complete
with respect to R.

A modal logic L is said to have the finite model property if it is determined
by the class of all finite models in R. The following theorem can be shown by
the same way described in Chellas [3].

Theorem 1. The multi-modal logic K'T has the finite model property.

From now on we consider ¢’s information structure ({2, (P:)ter, V) as a finite
model for KT;.

2.4 Economy for Logic KT

Let 2 be a non-empty finite set called a state space, and let 2 denote the field
of all subsets of £2. Each member of 2% is called an event and each element of 2
a state. The space of the traders is a measurable space (T, X, i) in which T is a
set of traders, X is a o-field of subsets of T whose elements are called coalitions,
and p is a measure on X.

A pure exchange economy under uncertainty is a tuple (T, X, u, 2, e, (Ut )teT,
(m)ter) consisting of the following structure and interpretations: There are [
commodities in each state of the state space {2 , and it is assumed that (2 is
finite and that the consumption set of trader ¢ is Rﬂr;

(T, X, ) is the measure space of the traders;

e:Tx 2 — Rﬂr is t’s initial endowment such that e(-,w) is p-measurable
for each w € (2;

U, : Rﬁr X {2 — R is t’s von-Neumann and Morgenstern utility function;

— m is a subjective prior on {2 for a trader ¢t € T.

For simplicity it is assumed that ({2, ) is a finite probability space with m; full
support*for almost all t € T.

Definition 3. An pure exchange economy for logic KT is a structure E£7T =
(€, (Py)ter, V), in which £ is a pure exchange economy such that (£2, (P;):er, V')
is a finite model for the logic KT. Furthermore it is called an economy wunder
RT-information structure if each P, is a reflexive and transitive information

structure.

Remark 1. An economy under asymmetric information is an economy €57 under
partitional information structure (i.e., each P; satisfies the three conditions Ref,
Trn and Sym.)

Y Le., m(w) 2 0 for every w € £2.
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Let X7 be a pure exchange economy for logic KT. We denote by F; the field
generated by { P;(w) | w € 2} and by F the join of all Fi(t € T); i.e. F = Vier Fr.
We denote by {A(w) | w € 2 } the set of all atoms A(w) containing w of the
field F = vtET]:t-

Remark 2. The set of atoms {A:(w) | w € 2} of F; does not necessarily coincide
with the partition induced from P;.

We shall often refer to the following conditions: For every ¢t € T,

A-1 [Le(t,w)dp 2 0 forallw € 2.

A-2  e(t,-) is Fi-measurable

A-3 Foreachz € R{H the function U (z, -) is Fy-measurable, and the function:
T xR, — R, (t,2) 1 —U(z,w) is ¥ x B-measurable where B is the o-field of
all Borel subsets of Rﬂr.

A-4  For each w € {2, the function U;(-,w) is continuous, strictly increasing
on Rl+'

A-5 For each w € 2, the function U;(-,w) is continuous, increasing, strictly
quasi-concave and non-saturated®on Ri.

Remark 3. Tt is plainly observed that A-5 implies A-4. We note also that A-3
does not mean that trader ¢ knows his/her utility function Uy(-,w).%

2.5 Ex-post Core

An assignment x is a mapping from T x {2 into RL such that for every w € 2,
the function (-, w) is p-measurable, and for each t € T, the function x(t,-) is
at most F-measurable. We denote by Ass(EXT) the set of all assignments for
the economy X7

By an allocation we mean an assignment a such that for every w € (2,

/T alt,w)dp < /T e(t,w)dp.

We denote by Alc(EXT) the set of all allocations, and for each t € T' we denote
by Alc(EET), the set of all the functions a(t,-) for a € Alc(EXT).

An assignment y is called an ez-post improvement of a coalition S € X' on
an assignment x at a state w € (2 if

Impl u(S) = 0;
Imp2 [ y(t,w)du < [ge(t,w)dy; and
Imp3 Ui(y(t,w),w) = Uy(x(t,w),w) for almost all t € S.

We shall present the notion of core in an economy EX7 for logic KT.

® Le.; For any = € R, there exists an 2’ € R, such that U (z',w) = U (x,w).
6 That is, w ¢ K;([Us(-,w)]) for some w € 2, where [Uy(-,w)] :={ € € 2| Us(-,€) =
U(-,w)}. This is because the information structure is not a partitional structure.
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Definition 4. An allocation x is said to be an ex-post core allocation of a
pure exchange economy for logic KT if there is no coalition having an ex-post
improvement on x at any state w € §2. The ez-post core denoted by CF*F (£KT)
is the set of all the ex-post core allocations of EXT .

Let ££T be the pure exchange economy for logic KT and £X7(w) the econ-
omy with complete information (T, X, u, e(-,w), (U(-,w))ter) for each w € 2.
We denote by C(£X7(w)) the set of all core allocations for EX7'(w).

Proposition 1. Let EXT be a pure exchange economy for logic KT satisfying
the conditions A-1, A-2 and A-3. Suppose that the economy is atomless (that
is, (T, X, 1) is non-atomic measurable space.) The ex-post core of EXT is non-
empty (i.e., CE*P(EXT) £()). Moreover, CE=F (EET) coincides with the set of
all assignments x such that x(-,w) is a core allocation for the economy EXT (w)
forallw e 02: i.e.,

CEoP(eRTY = {x € Alc(EXT) | z(-,w)) € C(EXT(w)) for all w € 2}.

2.6 Expectation and Pareto Optimality

Let ££T be the pure exchange economy for logic KT. We denote by E;[U(z(t, -)]
the ex-ante expectation defined by

Ey(U(x(t, )] ==Y Up(@(t,w),w)m(w)
wes?

for each & € Ass(EXT). We denote by E;[U;(x(t,-))|P;](w) the interim expec-
tation defined by

E[U(a(t,)|P)(w) =Y Us(®(t,€), O)m (€| P (w))-

cen

Definition 5. An allocation z in an economy £X7 is said to be ez-ante Pareto-
optimal if there is no allocation a with the two properties as follows:

PO-1 For almost all t € T, E;[Ui(a(t,-)] = E:[U(2(t, )]
PO-2 The set of all the traders s € T such that

E;[Us(a(t, )] 2 Es[Us(z(t,-)]-

is not a p-null set.

2.7 Rational Expectations Equilibrium

Let EXT = (N, 2, (et)ter, (Ui)ter, (7t)ier, (Pr)ier) be a pure exchange econ-
omy for logic KT. A price system is a non-zero F-measurable function p : 2 —
R, . We denote by o(p) the smallest o-field that p is measurable, and by A(p)(w)
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the atom containing w of the field o(p). The budget set of a trader ¢ at a state
w for a price system p is defined by

Bi(w,p) == {z € R | pw) -z = p(w)-e(t,w) }.
Let A(p) N P, : 2 — 2% be defined by (A(p) N P)(w) := A(p)(w) N Pi(w);
it is plainly observed that the mapping A(p) N P; satisfies Ref. We denote by
o(p) V F; the smallest o-field containing both the fields o(p) and F;, and by
A;(p)(w) the atom containing w. It is noted that

Ai(p)(w) = (Alp) N Ar)(w).

Remark 4. If P, satisfies Ref and Trn then o(p) V F; coincides with the field
generated by A(p) N P;.

We shall propose the extended notion of rational expectations equilibrium
for an economy EXT.

Definition 6. A rational expectations equilibrium for an economy £X7T under

reflexive information structure is a pair (p, ), in which p is a price system and

x is an allocation satisfying the following conditions:

RE 1 For almost all t € T, x(t,-) is o(p) V Fi-measurable.

RE 2 For almost all ¢t € T and for every w € £2, x(t,w) € Bi(w, ).

RE 3 For almost all t € T, if y(¢,) : £2 — R} is o(p) V Fy-measurable with
y(t,w) € By(w,p) for all w € 2, then

E[Ui(2(t, )| A(p) N P(w) 2 Ei[U(y(2,-))[A(p) N P (w)
pointwise on {2.

RE 4 Forevery w € 2, [ x(t,w)du = [, e(t,w)dp.

The allocation x in EET i

We denote by RE(EXT) the set of all the rational expectations equilibria of a
pure exchange economy EX7 for logic KT, and denote by R(£XT) the set of all
the rational expectations equilibrium allocations for the economy

is called a rational expectations equilibrium allocation.

3 Existence Theorem

We can prove the existence theorem of the generalized rational expectations
equilibrium for a pure exchange economy £X7 for logic KT. Let £X7(w) be the
economy with complete information for each w € 2. We set by W (X7 (w)) the
set of all the competitive equilibria for E£7(w), and we denote by W(EET (w))
the set of all the competitive equilibrium allocations for £X7 (w).

Theorem 2. Let EXT be a pure exchange economy for logic KT satisfying the
conditions A-1, A-2, A-3 and A-4. Suppose that the economy is atomless (that
is, (T, X, 1) is non-atomic measurable space.) Then there exists a rational ex-
pectations equilibrium for the economy; i.e., RE(EXT) A.

Proof. See Appendix.

Remark 5. Matsuhisa and Ishikawa [8] shows Theorem 2 for an economy under
RT-information structure.
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4 Proof of Main Theorem

We can now state explicitly Main theorem in Section 1 as follows:

Theorem 3. Let EXT be a pure exchange economy for logic KT satisfying
the conditions A-1, A-2, A-3 and A-4. Suppose that the economy is atom-
less (that is, (T, X, u) is non-atomic measurable space.) Then the ex-post core

coincides with the set of all rational expectations equilibrium allocations; i.e.,
CEzP(SKT) — R(EKT)

In view of Theorem 2 it is first noted that R(EXT) A(. Because EX7T(w)
is an atomless pure exchange economy for each w € (2, it follows from the
core equivalence theorem of Aumann [1] that C(£X7T (w)) = W(EET (w)) for any
w € {2. We shall observe that Main theorem immediately follows from the above
Proposition 1 together with the below Proposition 2:

Proposition 2. Let EXT be a pure exchange economy for logic KT satisfying
the conditions A-1, A-2, A-3 and A-4. Then the set of all rational expectations
equilibrium allocations R(EXT) coincides with the set of all the assignments x
such that x(-,w) is a competitive equilibrium allocation for the economy with
complete information EXT(w) for all w € 2; i.e.,

R(EET) = {x € Alc(EXT) | There is a price system p such that

(p(w), z(-,w)) € W(EET(w)) for all w € 2}.
O

5 Concluding Remarks

We shall give a remark about the ancillary assumptions in results in this article.
Could we prove the theorems under the generalized information structure remov-
ing out the reflexivity? The answer is no vein. If trader ¢’s possibility operator
does not satisfy Ref then his/her expectation with respect to a price cannot
be defined at a state because it is possible that A(p)(w) N P;(w) = () for some
w € .

Could we prove the theorems without four conditions A-1, A-2, A-3 and
A-4 together with A-5. The answer is no again. The suppression of any of
these assumptions renders the existence theorem of rational expectations equi-
librium (Theorem 2) vulnerable to the discussion and the example proposed in
Remarks 4.6 of Matsuhisa and Ishikawa (2002).

Appendix

Proof of Theorem 2

In view of the conditions A-1,A-2, A-3 and A-4, it follows from the exis-
tence theorem of a competitive equilibrium for an atomless economy with com-
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plete information” that for each w € 2, there exists a competitive equilib-
rium (p*(w),z*(-,w)) € W(EET (w)). We take a set of strictly positive numbers
{kw}weqn such that k,p*(w) Akep*(€) for any w /€. We define the pair (p, x)
as follows: For each w € 2 and for all £ € A(w), p(&) := kup*(w) and x(t, &) =
x*(t,w). It is noted that =(-,&) € W(EXT(w)) because EXT(¢) = £XT(w), and
we note that A(p)(w) = A(w).

We shall verify that (p, ) is a rational expectations equilibrium for ££7: In
fact, it is easily seen that p is F-measurable with A(p)(w) = A(w) and that x(¢, -)
is o(p) V Fr-measurable, so RE 1 is valid. Because (A(p) N P;)(w) = A(w) for
every w € {2, it can be plainly observed that x(¢, -) satisfies RE 2, and it follows
from A-3 that for almost all t € T', E;[Us(x(t,-))|A(p) N P](w) = Us(z(t,w),w)
On noting that EX7(¢) = E5T(w) for any ¢ € A(w), it is plainly observed that
(p(w), z(t,w)) = (kup*(w), z*(t,w)) is also a competitive equilibrium for EX7 (w)
for every w € {2, and it can be observed by the above equation that RE 3 is
valid for (p, ), in completing the proof. O
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Abstract. Based on the binary relation theory and Warshall’s algo-
rithm, a model on the connected incidence relation of the industry sys-
tem is set up, and a handy method of quantitative analysis is provided
for understanding the industrial structure and the relation. The model
is applied to analyze the connected incidence relation of the industrial
system in Anhui Province. The results show the model is effective with
simple principle and handy operation. And it provides accurate reference
for the analysis of the connected effects among different industries as well
as the adjustment and optimism of the industrial structure.

1 Introduction

The binary relation indicates certain relevance between two elements in the set,
which largely exist in the economic phenomenon. There are various relation and
affections of different levels in the industrial system. By means of the input-
output table, the analysis of the industrial relation aim to analyze the relation
happening in the process of producing, distributing and exchanging among in-
dustries (Zhi-biao Liu, 2001).

In recent years, the analysis methods have been improved a lot. For instance,
the optimal theory, as well as the Graph Model (Bing-xin Zhao, 1996.) and
Degree-Hierarchy Structure Model (Liu and Zhou, 1999) are used in the analy-
sis of the industrial relation. This essay utilizes exploringly the binary relation
theory to establish the incidence relation of the industry system and to calcu-
late the connected incidence relation through Warshall’s algorithm. From this,
it defines the influential industrial set under analyzing the industrial relation of
industry system and the evolving regular of industrial structure.

2 Principle & Method Base

2.1 Establish the Incidence Relation r among Industries in the
Industrial System

Take the whole industrial system as a set S: take the industries divided according
to a certain principle as 1,2, 3, - - - n-the elements of S, then it comes that S =
1,2,3,---n. Establish the incidence relation r of the set S:

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 84-89] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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r=A{(i,j)li €s,j€s,d;; >a}l (1)

In this expression, (Zj is determined by W.leontief’s inverse matrix D= (J)ij
and « is the incidence critical value given previously. The compound relation
between the incidence relation r and r :

ror={(p,q)lp s qesItes(pt)ertq) cr)} (2)

If (p,q)lp € r orthat is, an industry ¢ exists in the whole system S, the
incidence relation r then happens between p and t. Meanwhile, anther r happens
between t and g. therefore, by the compound calculation of the incidence relation
r, a larger incidence relation can be obtained in the system S.

We mark the relational matrix of 7 as M, = (@j)nxn, in which

1 (,5)er
v={0 ()% )

We marked the relational matrix of r o r as M,.,. If there’s at least one
industry ¢ in S, which makes a relation between p and ¢, namely (p,t) € r.and a
relation between ¢ and ¢, namely(¢, ¢) € r, then a relation between p and ¢ must
form (p,q) € r. However, there may not only one industry ¢ that can meet the
system S, another one t can also satisfy the quest (p,t') € r ,(¢,q) € r. In all
these situation,(p, ¢) € r o r will be available.

In this way, when we scan row p and column ¢ of M, , if we find at least one
t which makes the number of ¢t and ¢ is 1, then the number of the site of row
t and column q is also 1. Otherwise, it will be 0. Scan one row of M, and each
column of M,, we will know M., and all the other rows of M,., can also be
obtained in the similar way.

Thus, we’ll get M,o, through Boolean’s plus method of matrix. That is,

n
Myor = MyoM, = (bpg)nxn,int which bpqg = V (apt Acveq). where, V is Boolean’s
t=1
add, conforming to 0OV0O=0,0v1=1,1v0=1,1Vv1=1; A is Boolean’s
multiplication, conforming to 0A0=0,0A1=0,1A0=0,1A1=1.

According to the incidence relation r generated from the System S, a larger

incidence relation 7 o r among the industries of S will be easily got.

2.2 Establish Connected Incidence Relation

In the industrial system, the connotation of the relation is abundant while the
affections among the industries are complex. From the perspective of input-
output analysis, W.leontief’s anti-coefficient can only reflect the strong and the
weak of industrial relation, but not the overall relation.

Besides, any kind of industrial development has double effects. On one side, it
increases the supply and improves other industries’ developments. On the other
side, it stimulates the needs which drive other industries’ developments. For this
reason, we draw into the connected incidence relation R of the system S.
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If 7% = rk*+1 establishes in 7, then we name R =rUr2Urd U---Ur* as the
connected incidence relation in S. In this expression r* indicates that there are
k compound calculation in r of S, that is 7¥* = roro---or (here, k equals to
the number of r).

Because the industrial system S = {1,2,3,---,n} is a limited set, the tran-
sitive closure of r is t(r) = rUr?Urd U --- Ur™.When % = r**1(k < n),we
have

rFt2 = ko p = pk o p = phHL
rRt3 = Pk T2 o = ph Tl o p = pF o p = phHL
)
o= Rt
In other words, ¥ = rk+1 = pk+2 — ... = 7 Therefore, the connected

incidence relation R =rUr2Ur3yU ---Ur",

Thus by adopting the famous Warshall’s algorithm to calculate the transitive
closure, we can quickly get the incidence relational matrix My of the connected
incidence relation R.

If matrix Mp = (¢ij)mxn already got through Warshall’s algorithm (Kolman,
2001), the set {j|c;; = 1} is called the put industry set of j in the system, while
{Jjleji = 1} is called the push industry set. Till now, a quite clear quantitative
result about the industrial relation in S will emerge.

2.3 Warshall’s Algorithm for Computing Transitive Closure

Warshall’s algorithm is an efficient method for computing the transitive closure
of a relation, which based on the construction of a sequence of zero-one matrices.
These matrices are wg,wy, -, Ww,, where wyg = Mpg is the zero-one matrix of
this relation, and wy = [wl]; |.It can computes Mgy by efficiently computing
Wwo = MR,’LUl,UJQ,~ L, Wy = Mt(R)-

LEMMA: Let wy, = [w%c]] be the zero-one matrix that has a 1 in its (4, j)th
position if and only if there is a path from v; to v; with interior vertices from
the set {vy, v, -+, vp}. Then wf; = wy;_l} Y (wl[l,z_l] A w,[;;._l]), whenever ¢,jand
k are positive integers not exceeding n.

The Lemma give us the means efficiently to compute the matrices wy(k =
1,2,---,n). We display psendocode for Warshall’s algorithm.

Procedure Warshall (Mg : n X n zero-one matrix)

begin
w = MR
for k:=1 ton
begin
for j:=1ton
Wi = Wiy \Y (’LUZk AN wkj)
end
end.{w = [wy;] is Myg)}
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The computational complexity of Warshall’s Algorithm can easily be com-

(%]

ij

using Lemma above requires two bit operations. To

puted in term of bit operations. To find the entry w;;’ from the entries

El;_l] ,wz[i_l] and w,[j;_ Y

find all n? entries of wy from those of wy_1 requires 2n? bit operations. Since
warshall’s algorithm begins with wy = Mg and computes the sequences of
0 — 1 matrices wo, w1, -, w, = Mgy, the total number of bit operations is
n-2n? = 2n3.

w

3 Analysis of Relation for Anhui Industrial System as a
Case

According to the 40 industrial departments classified in Anhui’s Input-output
Table in 1997 (Anhui’s Input-Output Office,1999) and the complete consuming
coefficient table, we choose an appropriate communicative critical value « (here
a = 0.1) to establish the incidence relational matrix M,., and to calculate Mg
by Warshall operation is below(next page).

Based on the Mgz, We can figure out the connected incidence relation of In-
dustrial system directly in Anhui Province. The main results are attained as
followings.

(1) There’s a group of connected incidence relation in Anhui’s system.
So = {2,3,4,5,11,12,14, 15,16, 24,28, 33,35},that is {Coal mining and selec-
tion industry,Petroleum and natural gas mining industry, Metal and nonmetal
mining and selection industry, Crude oil product and coke purification industry,
Chemical industry, Metal purification and metal products, machine-building in-
dustry, Electricity and Vapour products and supply, Freight transportation and
preservation, Financial insurance, Social service}.

The internal development and variation of this group can bring about the
relative changes in other industries and at the same time improve those industries
outside this group. For their strong overall functions, these industries can be
the motive of economic development, which serves as the pivot to maintain
economy’s stability, compatibility and its high pace.

(2)The group Sy includes resource,energy,service and other basic industries.In
developing point of view,these industries must have the privilege be devel-
oped,which will pave the way for the continual development of Anhui’s economy.

(3)Agriculture (industry code 1) is the basic industry that proposes a
particular status in Anhui.On one hand,it can improve the development of
food,textile,costume and other groups (code 6,7,8,10,22,29) and meanwhile pull
the development of the communicative connected group Sy,so it fully displays
that Anhui is a big and strong agriculture province.

(4) Social service (industry code 35),especially the tourist industry,is very
important in Anhui.It can not only improve the development of Sy,but also all
the other industry’s developments.

(5)Financial industry (industry code 35) has impact on all the industries
including Sy.It will do good to the whole nation’s economy.
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(6)The essence of the dominant industry lies in its leading effect in the indus-
trial structure system.Anhui’s practical situation should be taken into account in
selecting the dominant industry.But on addition,the agriculture and social ser-
From the above-mentioned analysis, conclusions can be reached, the model based
on the binary relation theory and Warshall’s algorithm is effective with simple
puter programming, the connected incidence relation can be obtained quickly
under different incidence critical value, which will offer accurate reference for
the analysis of the connected effects among different industries as well as the

adjustment and optimism of the industrial structure.
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Abstract. Using a new statistical procedure suitable to test efficient
market hypothesis in presence of volatility clustering, we find significant
evidence against the weak form of efficient market hypothesis for both
Shanghai and Shenzhen stock markets, although they have become more
efficient at the later stage. We also find that Share A markets are more
efficient than Share B markets, but there is no clear evidence on which
stock market, Shanghai or Shenzhen, is more efficient. These findings are
robust to volatility clustering, a key feature of high-frequency financial
time series. They have important implications on predictability of stock
returns and on efficacy of capital asset pricing and allocation in Chinese
economy.

1 Chinese Stock Market: An Emerging Global Market

With In this section, we briefly describe the development of Chinese stock mar-
ket, which will be helpful for readers to understand our empirical findings.
Thanks to the gradual but continuous and massive economic reform initiated
in 1978, Chinese economy has been growing rapidly and steadily for more than
two decades, with an average of annual GDP growth rate of around 9%. The
reforms in restructuring state-own enterprises and pricing commodity markets
have recorded remarkable success (see [1], [2] and [3]). Although still different
from a competitive market economy, Chinese economy has been growing out of
plan and become market-driven in most sectors.

Compared to other aspects of Chinese economic reform, the development of
Chinese financial market has lagged behind. The stock markets were introduced
in late 1990, 13 years after the economic reform started in 1978. Although Chi-
nese state-owned enterprises did improve productivity in 1980s, non-performing
loans to state-owned enterprises by Chinese commercial banks had been accumu-
lating. As a consequence, commercial banks are unwilling and unable to provide
further loans to poor-performing state-owned enterprises. On the other hand,
private savings in Chinese banking sector have been increasing, with an annual
saving rate between 30% to 40% over the last two decades. Chinese government
had to find a solution to this dilemma, and the setup of a stock market was
apparently a natural choice. There are two stock exchanges markets in China.

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 90-98, 2003.
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One is located in Shenzhen, a southern city next to Hong Kong and one of the
five special economic zones in China where market mechanisms were first intro-
duced in China. The other stock exchange is located in Shanghai, the largest
industrial and financial center in China. Both Shenzhen and Shanghai stock ex-
changes are regulated by the official China Securities Regulatory Commission
(CSRC), which was set up in 1992, and has been responsible for regulating and
monitoring Chinese stock market. CSRC offers two types of stocks—Share A
and Share B, for domestic and foreign investors respectively. Share A markets,
traded in local (i.e., Chinese) currency, are designed for domestic investors, and
Share B markets, introduced in 1992 and traded in major foreign currencies,
are designed for foreign investors. The introduction of Share B markets aims at
attracting foreign capitals, but Share A and B markets were segmented to avoid
adverse impact of financial turmoil from international financial markets. Effort
has been made to merge these two markets. Starting from 02/2001, CSRC al-
lows domestic investors holding foreign currencies to invest in Share B markets,
and starting from 12/2002, qualified foreign institutional investors—mutual fund
management institutions, insurance companies, securities companies, commer-
cial and investment banks are allowed to invest in Share A markets.

Although starting relatively late, Chinese stock market, equipped with most
advanced hardware facilities in the world, has developed rather rapidly. Its infor-
mation delivering system, via its trading network, Internet and Reuters termi-
nals, provides Chinese market updates in a timely manner to all domestic stock
trading branches across China and to 150 counties and regions over the world. A
great deal of effort has also been devoted to improving market structures, legal
systems, and institutional arrangements. The stock market has been playing an
increasingly important role in Chinese economy. By the end of October 2002,
1,215 companies, the majority of them stated-own, are listed in Shanghai and
Shenzhen stock exchanges markets. By the end of 2001, the total market capi-
talization was 4,352.2 billion yuan, or 45.37% of Chinese GDP, and the tradable
capitalization was 1,446.3 billion yuan, or 15.08% of Chinese GDP.

This later ratio of capitalization is still low compared to mature stock mar-
kets, but it is 10 times more than the ratio in 1991. Chinese stock market has
apparently become the largest emerging stock market in the world.

Unlike the mature stock markets in developed economies, the majority of
investors in Chinese stock market are individuals, accounting for more than 99%
in 2002 in terms of the number of opened accounts. Institutional investors only
accounts for about 0.5% in 2002, but they contribute about 60% of investment
in Chinese stock markets. Also, compared to mature stock markets, the turnover
rates and P/E ratios in Chinese stock market have been very high, indicating
over-speculative activity.

Given its potential in scale, rapid growth, increasing openness to and inte-
gration with international financial markets, it is important and interesting to
investigate how Chinese stock market has been performing over the past decade.
In this paper, we shall examine whether Chinese stock market has achieved the
weak form of market efficiency in the sense of Fama (1970,1991). On one hand,
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although Chinese government still has certain direct or indirect control of finan-
cial resources such as regulating the number of new listed companies, as well as
the quota and initial prices of new listed stocks, Chinese stock market has had
the most flexible market mechanism in Chinese economy. With the improved le-
gal systems and institutional arrangements, one may expect that Chinese stock
market has achieved some form of market efficiency. On the other hand, the
existence of government policy intervention, insider trading, revealment of mis-
leading information on listed companies, and some irrational behavior of Chinese
individual investors might lead one to expect that Chinese stock market has not
been efficient. Market (in)efficiency has immediate interest to both domestic
and foreign investors. For example, the predictability of stock returns is closely
related to the market timing ability of mutual fund managers for active fund
management. More importantly, market (in)efficiency has far-reaching implica-
tions for the efficacy of capital asset allocation and pricing. The study of EMH
can also shed some light on the development of other emerging financial markets,
particularly those of transitional economies (e.g., Russia and Eastern Europe).
With the availability of a decade of daily observations, we now have a sufficiently
large sample to provide reliable statistical inference on EMH for Chinese stock
market.

2 Efficient Market Hypothesis

We now discuss the definition of the weak form of market efficiency, its implica-
tion and a suitable and powerful test.

2.1 Weak Form of Efficient Market Hypothesis

Let P; be a stock price at time t. We define the stock return at time ¢ in terms
of the relative percentage change in the stock price P; from time ¢ — 1 to time ¢:

Y, = 100n(P;/Fy_) (1)

Let I;_1 denotes the collection of stock returns available at time ¢ — 1; i.e.,
Iy ={Y;_1,Y:—2,...}. In exploring the dynamics of how stock return Y; changes
over time, an important and interesting hypothesis is the weak form of EMH,
which can be formally stated as

Hy : E(Y:|I;—1) = E(Y;) almost surely (a.s.). (2)

intuitively, the unconditional mean E(Y}) is the long-run average stock return,
and the conditional mean E(Y;|I;_1) is the best one-step-ahead stock return
one can expect to obtain by fully and efficiently utilizing I;_;, the information
on the entire past history of stock returns. When Hy in (2) holds, no trading
strategy can beat the market systematically by earning an extra return higher
than the market average over the long run while bearing the same risk. Of course,
investors may still be able to beat the market in the short-run by sheer luck.
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When I;_; is extended to include other information, we could define the semi-
strong form or strong form of market efficiency. See [4], [5] and [6] for more
discussion. We emphasize that EMH in form of (2) can be derived from the
stochastic Euler equation associated with an intertemporal utility maximization
of a representative investor subject to a budget constraint (e.g., [7]).

2.2 A Generalized Spectral Derivative Approach

Hong and Lee [8] propose a specification test for the adequacy of a time series
conditional mean model with estimated parameters. It is based on the generalized
spectrum proposed in [9], which is an analytic tool for nonlinear time series, just
as power spectrum is an analytic tool for linear time series (cf. [10], [11]).

Suppose {Y;} is a strictly stationary process with marginal characteristic
function ¢(u) = E(e™Y") and pairwise joint characteristic function ¢;(u,v) =
E(eYe+ Y1) where i = v/—1, u,v € (—00,00) and j = 0, %1, ---. The basic
idea of the generalized spectrum is to first transform the data via an exponential
function

Y: — exp(iuY?) (3)
and then consider the spectrum of the transformed series {e™t}:
1 < iy
flw,u,v) = Dy oj(u,v)e” 7%, w € [—m, 7 (4)
.
J=—0C

where w is the frequency, o;(u,v) is the autocovariance function of the trans-
formed series:

oj(u,v) = cov(e™t eYe-lil), j=0,%£1,--- (5)

The function f(w,u,v) can capture any type of pairwise serial dependence in
{Y.}, i.e., dependence between Y; and Y;_; for any nonzero lag j, including
the dependent processes with zero autocorrelation. The generalized spectrum
f(w,u,v) itself is not suitable for testing EMH, because it can capture serial
dependence not only in mean but also in higher order conditional moments. For
example, the generalized spectrum f(w,u,v) can capture the ARCH process,
which is an m.d.s.
The resulting test statistic in [8] is

T-1 2 ) ~
M) = | SR/ -5) [ [0 0.0] ave) - e | D) ©

Where, p = p(T) is a smoothing parameter called bandwidth, and k(-) is a
symmetric kernel function that assigns a weight to each lag j. Examples of k()
include the Bartlett kernel and the Parzen kernel. And W : R — RT is a
nondecreasing function that weights set about zero equally,

T-1

> W=7 [fiesf ave) @

t=j+1

Cil) = Y R0 /p) 7
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. T—2T-2
Di(p) =2 > K (i/p)k*(1/p)x
j=1 i=1

2
T

/ / m > V=Y (v)] dW(0)dW (') (8)

t=max(j,l)+1
where ¢, (v) = e?Y — $(v), and @(v) = T~ Zle e™Yt. Under EMH, we have
M (p) — N(0,1) in distribution (9)

provided p = p(T) — oo as T — oo and certain regularity conditions hold.?
Upper-tailed N(0,1) critical values (e.g., 1.645 at the 5% level) should be used.

The M, (p) test has other appealing features. As explained earlier, the gener-
alized spectral derivative f (0’1’0)(w, 0,v) only focuses on checking serial depen-
dence in conditional mean, and thus is suitable to test EMH. It will not falsely re-
ject EMH when there exists volatility clustering and serial dependence in higher
order conditional moment. On the other hand, f(%%(w,0,v) can detect both
linear and nonlinear departures from EMH. Thus, it has more power against a
wider range of departures from EMH than any autocorrelation-based tests, even
if the latter were applicable in the presence of conditional heteroskedasticity of
unknown form. Moreover, the M (p) test can check a large number of lags. This
will ensure power against departures from EMH at an unknown high lag order.
Usually, the use of a large number of lags might be not powerful against many
practical alternatives, due to the loss of a large number of degrees of freedom.
Fortunately, this is not the case with the M;(p) test, which discounts higher or-
der lags via the kernel k(-). The downward weighting by k(-) ensures good power
of M (p) in practice because it is consistent with the stylized fact that financial
markets are usually more affected by the recent past events than by the remote
past events. This is one of the advantage of frequency domain analysis over time
domain analysis. The latter usually gives equal weighting to each lag, which is
obviously not efficient when a large number of lags are used.

3 Data

Historically the majority of studies on EMH have focused on the predictability
of common stock returns. Likewise, we will consider eight major stock indices in
both Shanghai and Shenzhen stock markets from 12/1990 to 10/2002, obtained

3 In Hong and Lee (2002), the observed raw data {V;}i—; is replaced with a sample of
estimated residuals {ét}thl, where & = Y; — g(Li—1, é),g(-7 -) is a conditional mean
model, and 0 is a v/T-consistent finite-dimensional parameter estimator. Hong and
Lee (2002) show that the limit distribution of M (p) does not depend on parameter
estimation uncertainty (i.e., one can treat estimated parameters as if it were equal
to the true parameter values). As a consequence, one can use Mi(p) to test EMH
without any modification. The EMH hypothesis involves no parameter estimation.



Has Chinese Stock Market Become Efficient? Evidence from a New Approach 95

from China Stock Market & Accounting Research (CSMAR) Database and WISe
from Shanghai Wind Information Corporation. These indices are Shanghai Com-
posite (SHC) index, Shanghai Share A (SHA) index, Shanghai Share B (SHB)
index, Shanghai 180 (SH180) index, Shenzhen Composite (SZC) index, Shen-
zhen Share A (SZA) index, Shenzhen Share B (SZB) index, and Shenzhen Con-
stituent (SZCS) index. They are most representative of the overall performance
of Shanghai and Shenzhen stock markets. Their starting dates are between 1990
and 1992, except for SH180, which starts from 07/01/1996. All eight indices have
the same ending date, 10/31/2002. There exists rather strong volatility cluster-
ing in both Shanghai and Shenzhen markets, and in both Share A and Share B
markets. However, it appears that Share A and Share B indices have different
volatility clustering patterns. Except for Share B indices, there were more vari-
ations in the early part of the sample period (corresponding to the subsample
before 12/16/1996) than in the later part of the sample period (corresponding
to the period after 12/16/1996). This was perhaps due to the implementation of
a 10% band limit on daily stock price changes with a 7'+ 1 settlement rule. In
contrast, for Share B indices, there were more variations in the later part of the
sample than in the early part of the sample period. This indicates the booming
of Share B markets, which might be due to the introduction of a legal regularion
by Chinese government on 01/1996 to encourage foreign investment in Share B
markets.

The histograms compare the unconditional distributions of stock returns with
a normal distribution having the same sample mean and sample variance. All
stock returns are apparently nonnormal. They all have a higher peak around zero
and heavier tails than the normal distribution, implying a large excess kurtosis.
There are some extreme large stock returns, both positive and negative. For
Share A and Composite indices, Shanghai market has a higher average return
(sample mean) than Shenzhen market for the whole sample and for the sub-
samples respectively, although the sample standard deviations are not always
larger. For Share B indices, Shanghai market has a smaller average return and
a smaller standard deviation than Shenzhen market for the whole sample and
the first subsample, but it has a higher return with a smaller standard deviation
than Shenzhen market for the second subsample.

For indices rather than Share B indices, the standard deviations over the
whole sample and over the first subsample are larger than the standard devi-
ations over the second subsample. For Share B indices, however, the standard
deviations are larger for the second subsample than for the whole sample and
for the first subsample.

There is no strong evidence for skewness except for Shanghai Composite and
Share A indices, and Shenzhen Constintuent Index. For all indices, skewness
over the whole sample and over the first subsample is all positive; for the second
subsample, all indices have a smaller skewness and some of them have a negative
skewness. All stock returns have a larger kurtosis than implied by the normal
distribution over the whole sample and over the two subsamples. The kurtosis
is much larger over the whole sample and over the first subsample than over
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the second subsample. Both Shanghai Composite and Share A indices have an
extremely large kurtosis over the whole sample and over the first subsample.
Shenzhen Constituent index also has a very large kurtosis over the first subsam-
ple. This is apparently due to one or a few extreme market movements, such as
the one on 05/21/1992, when a daily return of 105%, or a 72% return in log-price
difference for Shanghai Composite index is recorded.

4 Empirical Evidence

Because of the existence of persistent volatility clustering in Chinese stock re-
turns, we should use a statistical procedure that is robust to conditional het-
eroskedasticity of unknown form in testing EMH. Except for SH180 with ¢ < 5,
all indices are firmly rejected at the 5% significance level for all ¢. The strong
rejection of EMH might be due to imperfect institutional arrangement, frequent
government policy intervention, and the irrational investors’ behavior in the
stock market at the early stage. To examine whether Chinese stock market has
achieved EMH, or whether Chinese stock market has become more effiicient at
the later stage, we also examine the subsamples before and after 12/16,/1996,
when Chinese stock market began to implement a 10% band limit on daily stock
price changes. Before this date, transaction rules were changed several times by
governments according to stock market conditions. Since 1997, CSRC has taken
charge of both Shenzhen and Shanghai stock markets, marking the end of the
experimental period and the beginning of a new development period for a more
unified Chinese stock market.

From the first subsample, the results indicate the rejection of EMH for all
indices except Shenzhen Share A and Shanghai 180 indices, for most choices of ¢
at the 1% level. Note that SH180 only has 115 observations before 12/16/1996,
so the insingifinat result with SH180 may be due to the small sample problem.

For most choices of ¢, the values of M;(py) based on the second subsample
reject EMH for all eight indices at the 5% significance level, including Shen-
zhen Share A and SH180 indices. There appears some evidence that there exists
departures from EMH at higher order lags (which implies a longer-run mean
reverting) for the Composite and Share A indices, because the M (pg) statistics
become larger and significant when ¢ becomes larger.

Why has Chinese stock market not become efficient after a decade? Because
this is an important issue, we are tempted to provide some speculations here.
First, Chinese stock market, although one decade has passed since its setup
in 1990, remains far away from a mature capitalist stock market. Unlike com-
modity markets in Chinese economy, where prices are basically determined by
market forces, Chinese government still has direct and indirect control of fi-
nancial resources, including the number of new listed companies as well as the
quota and initial prices of new listed stocks. Stock prices do not fully incorporate
all available public information. Investors have to respond to non-price signals.
In particular, they have to speculate somewhat irregular government policy in-
tervention, although the scope and frequency of policy intervention have been
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diminished since 1997. Second, for a capital market to function well, it is im-
portant for investors to receive high-quality information on listed companies in
a timly manner. However, there have been many instances that listed compa-
nies may deliver misleading information on their financial accounting data. In
addition, the existence of price limit (e.g., the 10% band limit), market segmen-
tation, and insider trading may have slowed down information flow to investors.
Of course, more careful empirical examination is needed to sort out possible
sources of market inefficiency, but this is beyond the scope of the present paper.

A comparison between the two subsamples suggests that except for Shen-
zhen Share A and SH180 indices, the M (pg) statistic is generally larger in the
first subsample than in the second subsample. Given that the two subsamples
have similar sample sizes for all indices except SH180, this indicates that both
Shanghai (in terms of Composite, Share A and Share B indices) and Shenzhen
(in terms of Composite, Constituent, and Share B indices) stock markets have
become more efficient at the later stage. It appears that Chinese government’s
regulation of Chinese stock market has apparently been improving and working
in the right direction.

A comparison of the whole and the two subsamples also reveals that for
both Shanghai and Shenzhen markets, the values of M (py) are much larger for
Share B indices than Share A indices. This indicates that for both Shanghai
and Shenzhen stock markets, Share A markets are more efficient than Share B
markets. We note that there is no clear systematic pattern on which market,
Shanghai or Shenzhen, is more efficient. Both Shanghai and Shenzhen stock
exchanges have been competing in building up Chinese stock market.

Why are Share B markets less efficient than Share A markets? A well-function
financial market requires a high volume of transactions, which will quickly wipe
out any arbitrage opportunity, thus achieving market efficiency. Share B markets
have been featured with a low level of transactions for most of time over the last
decade. This is so even after Chinese government opened Share B markets to
domestic Chinese investors in 02/2001. It may be expected with the integration
between the segmented Share A and Share B markets, Share B markets will
become more efficient.

The empirical findings documented here have important implications. For
example, the violation of EMH implies that stock returns in Chinese stock mar-
ket are predictable using the past history of stock returns. This has immediate
interest to both domestic and foreign investors. In particular, it implies that it
is possible to beat the market by using a suitable trading strategy. A relevant
question is how one can predict stock returns in Chinese stock market. Do there
exist trading strategies that have superior out-of-sample predictable ability? On
the other hand, the violation of EMH has important implications on the efficacy
of capital asset pricing for the listed companies in Chinese stock market. It would
be interesting and important to develop an appropriate asset pricing model to
examine what factors (e.g., macroeconomic factors) will help determine asset
prices of listed companies in Chinese stock market. All these issues are left for
subsequent research.
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5 Conclusion

Using a generalized spectral derivative test suitable and powerful to test EMH
in presence of volatility clustering, we find significant evidence against the weak
form of efficient market hypothesis for both Shanghai and Shenzhen stock mar-
kets, although there exists some evidence that they have become more efficient
at the later stage. We also find that Share A markets are more efficient than
Share B markets. Our findings are robust to volatility clustering of unknown
form. Some speculations are given to explain the empirical findings.

We thank the seminar participants at China Center for Economic Research
(CCER), Peking University, Antai School of Management, Shanghai Jiao Tong
University, and School of Management, Xiamen University for comments, and
the China Postdoctoral Science Foundation, the National Science Foundation
of United States and School of Economics and Management, Tsinghua Univer-
sity for support. We thank the Research Center for Financial Mathematics and
Financial Engineering, Peking University for the powerful and valuable CPU
time.

References

1. Groves, T., Hong, Y., McMillan, J., Naughton, B.: Incentives in Chinese State-
owned Enterprices, Quarterly Journal of Economics. 1 (1994) 183-209.

2. Naughton, B.: Growing out of Plan, Oxford University Press: Oxford. (1994)

3. Lin, Y.F., Cai, F., Zhou, L.: China Miracle, Chinese University of Hong Kong
Publisher: Hong Kong. (1996)

4. Fama, E.F.: A Review of Theory and Empirical Work, Journal of Finance. 25
(1970) 383-417.

5. Fama, E.F.: Efficient Markets II. Journal of Finance. 46 (1991) 1575-1618.

6. Campbell, C., Lo, A., MacKinlay A.C.: Econometrics of Financial Markets, Prince-
ton University Press: Princeton, New Jersey. (1997)

7. Sargent, T., Ljungqvist, L.: Recursive Macroeconomic Theory. MIT Press: Cam-
bridge, MA. (2002)

8. Hong, Y., Lee Y.: Generalized Spectral Tests for Conditional Mean Specification
in Time Series with Conditional Heteroskedasticity of Unknown Form. Working
paper, Department of Economics & Department of Statistical Science, Cornell
University. (2002)

9. Hong, Y.: Hypothesis Testing in Time Series via the Empirical Characteristic Func-
tion: A Generalized Spectral Density Approach. Journal of the American Statistical
Association. (1999) 84, 1201-1220.

10. Priestley, M.B.: Spectral Analysis and Time Series. Academic press: London. (1981)
11. Hamilton, J.: Time Series Analysis, Princeton University Press: Princeton, New
Jersey. (1994)



Multi-symplectic Spectral Methods for the
Sine-Gordon Equation

A.L. Islas and C.M. Schober

Department of Mathematics and Statistics, Old Dominion University
Department of Mathematics, University of Central Florida
cschober@mail.ucf.edu

Abstract. Recently it has been shown that spectral discretizations pro-
vide another class of multi-symplectic integrators for Hamiltonian wave
equations with periodic boundary conditions. In this note we develop
multi-symplectic spectral discretizations for the sine-Gordon equation.
We discuss the preservation of its phase space geometry, as measured
by the associated nonlinear spectrum, by the multi-symplectic spectral
methods.

1 Introduction

One approach to generalizing the concept of symplecticity to encompass partial
differential equations (PDEs) is to develop a local concept of symplecticity that
treats space and time equally [TI2[3/45]. A Hamiltonian PDE (in the “1+1” case
of one spatial and one temporal dimension) is said to be multi-symplectic (MS)
if it can be written as

Mz + Kz, =V.Sz2), zeRY (1)

where M, K € R™? are skew-symmetric matrices and S : R — R is a smooth
function. The term MS is applied to system () in the sense that associated with
M and K are the 2-forms

wUV)=VTMU, kUV)=VTKU, UV eR?

which define a symplectic space-time structure (symplectic with respect to more
than one independent variable).

Symplecticity is a global property for Hamiltonian ODEs. In contrast, an im-
portant aspect of the MS structure is that symplecticity is now a local property,
i.e., symplecticity may vary over the spatial domain and from time to time. This
local feature is expressed through the following MS conservation law (MSCL):

Oww + Ok = 0, (2)
where U, V are any two solutions of the variational equation associated with ([
Mdz+ Kdz, = S,2(2)dz.
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© Springer-Verlag Berlin Heidelberg 2003



102 A.L. Islas and C.M. Schober

One consequence of multi-symplecticity is that when the Hamiltonian S(z) is
independent of = and ¢, the PDE has an energy conservation law (ECL) [2]

OFE OF 1 1
S E = - 'Kz, F=-TK
5 + o 0, S(2) 5% Kz, 5% K, (3)

as well as a momentum conservation law

or oG

ot " or
When the local conservation laws are integrated in x, using periodic bound-
ary conditions, we obtain the global conservation of the total energy and total
momentum.

MS integrators are discretizations of the PDE which preserve exactly a dis-
crete version of the MSCL (2). In other words, MS integrators have been de-
signed to preserve the MS structure, but not necessarily the local conservation
laws or global invariants. Even so, numerical experiments using MS integrators,
e.g., for the nonlinear Schrodinger (NLS) equation, have demonstrated that MS
methods have remarkable conservation properties (cf. [4]5]). For example, we
showed that the local and global energy and momentum are preserved far better
than expected, given the order of the scheme. In addition, the global norm and
momentum were preserved within roundoff.

However, the numerical experiments for the NLS equation demonstrated that
MS finite difference schemes can have difficulty in resolving spatial structures in
very sensitive regimes [4]. On the other hand, spectral methods have proven to
be highly effective methods for solving evolution equations with simple bound-
ary conditions. As the number NV of space grid points increases, errors typically
decay at an exponential rate rather than at polynomial rates obtained with finite
difference approximations [7]. For the NLS equation we showed that a signifi-
cant improvement in the resolution of the qualitative features of the solution is
obtained with a MS spectral method [6].

In this note we focus on the question of preservation of the phase space
geometry of nonlinear wave equations by MS spectral methods. We use the sine-
Gordon equation (SG) as our model equation. In the next section we present
the MS formulation of the SG equation and a description of the phase space
geometry in terms of the associated nonlinear spectrum. In section 3 we provide
the MS spectral discretization of the SG equation. In section 4 we implement
both MS and nonsymplectic spectral methods and use the nonlinear spectrum of
the SG equation as a basis for comparing the effectiveness of the integrators. The
relevant quantities to monitor are the periodic/antiperiodic eigenvalues of the
associated spectral problem. These eigenvalues are the spectral representation
of the action variables and are directly related to the geometry of the SG phase
space. Significantly, we show that the MS spectral methods provide an improved
resolution of phase space structures, as measured by the nonlinear spectrum,
when compared with non-symplectic spectral integrators.

0, G=58(z)— %ZTMzt7 I= %ZTM Zg. (4)
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2 The MS and Integrable Structure of the SG Equation

The MS form of the SG equation,
Ut — Ugg +sinu = 0, (5)

is obtained by introducing the new variables v = u;, w = wu,. This results in the
system of equations

Ut = (6)

which can be written in standard MS form ([I) with

U 0-10 001
z=1ov |, M=1[100], K=1] 000
w 000 —-100
and Hamiltonian S(z) = —cosu + & (v? — w?).
The energy and flux are given by
E:S—%zTsz:—Cosu+%(v2—w2—uwm+uzw),

F= %ZTKZt = % (uwe — ugw) ,

respectively. Deriving relations [B)-() for the SG equation, the (ECL) can be
simplified to

Ei+ F, = (—cosu+ (v + w2))t — (vw), = 0.

Similarly, the momentum conservation law is given by

I+ Gy = (cosu+ 2(v* + w2))m — (vw), = 0.

2.1 Integrable Structure of the SG Equation

The phase space of the SG equation (Bl with periodic boundary conditions can
be described in terms of the Floquet spectrum of the following linear operator
(the spatial part of the associated Lax pair [9]):

4

L(u,\) = {A -

) 1

where

0-1 01 v 0 10
A= (1) me(o) e () =)

u is the potential and A € C denotes the spectral parameter.
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The fundamental solution matrix M, defined by the conditions £(u, A\)M =0
and M (x,z;u,A) = I, is used to introduce the Floquet discriminant A(u;A) =
Tr{M(x + L,z;u,\)]. The Floquet discriminant is analytic in both its argu-
ments. Moreover, for a fixed A, A is invariant along solutions of the SG equa-
tion: % A(u, A) = 0. Since A is invariant and the functionals A(u, \), A(u, X') are
pairwise in involution, A provides an infinite number of commuting invariants
for the SG equation.

The spectrum of £ is given by the following condition on the discriminant:
o(L) ={X € ClA(u;\) € R, —2 < A(u; A) < 2}. When discussing the numerical
experiments, we monitor the following elements of the spectrum which deter-
mine the phase space geometry of the SG equation: (a) Critical points A¢, spec-
ified by the condition d/dAA(g; A)|x=xc = 0, and (b) Double points A%, which
are critical points that satisfy the additional constraints A(g; A)|y—xe = %2,
d?/d\?A|yx=xa # 0. Complex double points correspond, in general, to critical
saddle-like level sets and can be used to label their associated homoclinic orbits.

The periodic/antiperiodic spectrum provides the actions in an action-angle
description of the system. The values of these actions fix a particular level set.
Let X\ denote the spectrum associated with the potential u. The level set defined
by w is then given by, M, = {v € F|A(v,\) = A(u, A), A € C}. Typically, M, is
an infinite dimensional stable torus. However, the SG phase space also contains
degenerate tori which may be unstable. If a torus is unstable, its invariant level
set consists of the torus and an orbit homoclinic to the torus. These invariant
level sets, consisting of an unstable component, are represented, in general, by
complex double points in the spectrum. A complete and detailed description of
the SG phase space structure is provided in [9].

3 MS Spectral PDEs

Bridges and Reich have shown that Fourier transforms leave the MS nature of a
PDE unchanged [3]. A MS discretization of ([[)) is then obtained by truncating
the Fourier expansion. This produces a system of Hamiltonian ODEs which can
be discretized in time using symplectic methods. We briefly summarize these
results.

Consider the space Lo(I) of L-periodic, square integrable functions in I =
[-L/2,L/2] and let U = Fu denote the discrete Fourier transform of u € La([).
Here F : Ly — lo denotes the Fourier operator which gives the complex-valued
Fourier coefficients Uy, € C, k = —o0,...,—1,0,1, ..., 00, which we collect in the
infinite-dimensional vector U = (..., U_1,Up, Us,...) € lo. Note that U_;, = U}..
We also introduce the Lo inner product, which we denote by (u,v) and the Is
inner product, which we denote by (U, V). The inverse Fourier operator F~! :
12 — L? is defined by (V, Fu) = (F 1V, u). Furthermore, partial differentiation
with respect to x € I simply reduces to O,u = F~1OU where O : Iy — I, is the
diagonal spectral operator with entries 0 = i27k/L.

These definitions can be generalized to vector-valued functions z € Lg(1). Let
F: L(I) = 1¢ be defined such that Z = (Z1,...,2%) = Fz = (Fz',..., Fz9).
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Thus with a slight abuse of notations and after dropping the hats, we have
Z=Fz, z=F1Z and 0,2 = (0,2%,...,0,2%) = (Ftez,... . Floz?) =
Floz.

Applying these operators to (), one obtains an infinite dimensional system
of ODEs

L
Mo, Z+ KOZ =V ;5(2), ﬂZ%i/ S(F~12)dx
—L

This equation can appropriately be called a MS spectral PDE with associated
MSCL

2 +0OK =0, 0=7Fw, K=7Fk, (7)

and ECL
OFE+OF=0, E=2ZFe F=ZFf,

in Fourier space.

3.1 MS Spectral Schemes for the SG Equation

A MS spatial discretization of the PDE is given by the truncated Fourier series,

N I
e—Or(l-1)A _ L _ L
N E § “ow = u(r), v = 5 +(—-1)Az, Az = N

with
iZ(k—1)fork=1,...,N/2,
0, =10 fork—N/QJrl,
_9N7k+2 for k :N/2+2,,N
A family of discrete MSCLs exists which resemble the conservation law (@) in
Fourier space [3].
Using the discrete Fourier transform, system (@) becomes

-0V, + 0. W, = Fk(sinu)
atUk; - Vk (8)
— 0 U, = —Wy.

This system of equations can be recombined into a single equation. In Fourier
space we have that (§) becomes

Uy = —0:U;, — (Fsinu),,, (9)
where

(Fsinu), E sin uy e ~ORAT

and the discrete Hamiltonian is given by
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p 1
1 12 2 2
H=3 102 + uloif?] = < >

[

N—

—

COS Uj. (10)

To maintain the multi-symplecticity, a symplectic integrator in time should
be used. To discretize (@) in time we note that the Hamiltonian (0] is separable
which allows one to use explicit symplectic integrators. A general form of explicit
higher order symplectic schemes is given by (see e.g., [10]),

a1 = Py, bl = 4qj,
A;jy1 = Q4 —CikV’(bi), bit+1 :bi+DikT/(ai+1), 1=1,...,m,

Dj+1 = Am,  Gj+1 = b,

where the coefficients C; and D; are determined so that the scheme is symplectic
and of order O(k™). For example, a first order scheme is given by m = 1 and
Cy =1, D; = 1. Similarly, a second-order scheme is given by m = 2 and
Cy=0, Co=1, D, = % = D5. A fourth-order integrator S, can be obtained
by forming the following product of second-order integrators Sy

Sa(k) = Sa2(Bk) S2(ak) S2(Bk),
where o = 233 and 3 = 1/(2 — 2/3).

4 Numerical Experiments

The MS property can be lost in a discretization by using a non-symplectic
discretization either in space or in time. Here we examine the loss of multi-
symplecticity due to the time discretization. We compare the performance of
the spectral discretization implemented in time with second- and fourth-order
symplectic methods (and thus MS) versus non-symplectic Runge-Kutta meth-
ods of the same order. In the numerical experiments we focus on determining
whether the MS integrators preserve the structure of the SG phase space appre-
ciably better than the nonsymplectic methods.

As derived using the inverse scattering theory [12], the SG equation has an
infinite number of local conservation laws and global invariants. In this exam-
ple, rather than monitor the local energy and momentum conservation laws, we
choose to examine the preservation of the nonlinear spectrum, which incorpo-
rates all of the global invariants and determines the phase space structure.

Under the SG flow, the spectrum remains invariant. However, due to pertur-
bations induced by the numerical discretization, the spectrum evolves in time.
The evolution of the spectrum under the numerical flow is primarily due to the
time discretization. To determine the effectiveness of MS spectral integrators
in capturing the phase space structure, we compute the spectral content of the
initial data and monitor its evolution under the different schemes.

The following initial data is used in the numerical experiments:

u(xz,0) =7+ 0.1 cos(ux), ur(z,0) = 0,
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with parameters y = 27/L and L = 2+/27. This initial data is for solutions in the
unstable regime as the zeroth double point remains closed, i.e. the initial data
is on the level set containing the homoclinic manifold. (Closed double points
cannot be preserved by the numerical schemes and in the following experiments
one observes that the zeroth mode is immediately split into a gap state by the
numerical scheme.)

To interpret the evolution of spectrum plots, note that under perturbations
the complex double points can split in two ways — either into a gap along an
arc of the circle, or into a cross along the radius (Figure [I]). For each set of

o.> o.3 o.3
o= 0,2\

-1 o.1

o.o c.o

Fig. 1. The nonlinear spectrum. (a) Homoclinic orbit, (b) Inside the homoclinic orbit
(‘gap state’), (c) Outside the homoclinic orbit (‘cross state’).

experiments, we show a signed measure of the splitting distance for the zeroth
mode as a function of time. Positive and negative values represent gap and cross
states, respectively. When the splitting distance passes through zero, the double
points coalesce and homoclinic crossings occur.

We consider the exponentially accurate spectral scheme (@) implemented in
time with either Runge-Kutta (2nd and 4th-order) or with symplectic (1st, 2nd
and 4th-order) integrators. These integrators will be denoted by S-2RK, S-4RK
and S-1SY, S-2SY, S-4SY. In the spectral experiments we use N = 32 Fourier
modes and a fixed time step At = L/512.

The splitting distance obtained with S-1SY is not shown but it is worth not-
ing that even with the first-order symplectic integrator, bounded oscillations are
observed. The splitting distance for both modes obtained with S-1SY is O(1072).
Using S-2RK and S-2SY (Figure ), the spectrum for the first mode does not
execute any homoclinic crossings for 0 < ¢ < 500 and so the torus component is
accurately preserved. However, the zeroth mode does display homoclinic cross-
ings which occur earlier than with the lower order S-1SY.

Since the initial data is chosen on the homoclinic manifold, it is to be expected
that there will be an earlier onset and higher density of homoclinic crossings
when a more accurate scheme is used. Refinement can accentuate the frequency
of homoclinic crossings as the numerical trajectory is trapped in a narrower
band about the homoclinic manifold. The main observation is that with the
nonsymplectic S-2RK there is a O(1073) linear drift in the error in the nonlin-
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Fig. 2. Left: S-2RK: u(x,0) = w4+ 0.1 cos pz, ut(x,0) =0, N = 32, ¢ = 0 — 500. Right:
S-2SY: u(z,0) = 7 + 0.1 cos uzx, us(z,0) =0, N = 32, t = 0 — 500.

ear spectrum. The error in the nonlinear spectrum is smaller with S-2SY and
further, it doesn’t drift. The drift in the nonlinear spectrum obtained with S-
2RK can be eliminated on the timescale 0 < ¢ < 500 by increasing the accuracy
of the integrator and using S-4RK. In this case the nonlinear spectral deviations
are O(107*) for S-4RK and S-4SY (Figure B). There does not seem to be an
appreciable difference.

1<10

|

1=<10

T

) || ) Ll
b WWWW

— =10 B — 1 =10

z2oo 3300 a0o0 sSoo o 1 oo

Fig. 3. Left: S-4RK: u(z,0) = 7 + 0.1 cos pz, u¢(z,0) = 0, N = 32, t = 0 — 500. Right:
S-4SY: u(x,0) = w4+ 0.1 cos ux, ue(z,0) =0, N = 32, t = 0 — 500.

In long time studies of low dimensional Hamiltonian systems, symplectic inte-
grators have been reported as superior in capturing global phase space structures
since standard integrators may allow the actions to drift [RIT]. We continue the
integration to t = 10,000 and examine the time slice 10,000 < ¢ < 10, 500. For
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S-4RK (Figure M) a drift has occured. The deviations in the actions associated
with the zeroth mode oscillates about 1.2 x 10~ whereas for S-4SY (Figure H)
it oscillates about 5 x 107°. Although the drift observed with nonsymplectic
schemes can be reduced by using a higher order integrator, it is not eliminated
and simply occurs on a longer timescale. This problem is avoided using the MS
integrator.

—gdeita —aeita

- — =

1<10

. N O 1
A L

7wxno*4j ] —a=qo—=|

o 100 =oo =00 a400 Soo o 100 =2=oo =300 =200 Soo

Fig. 4. Left: S-4RK: u(z,0) = 7 + 0.1 cos pz, u¢(z,0) = 0, N = 32, t = 10000 — 10500.
Right: S-4SY: u(z,0) = 7w + 0.1 cos pz, us(z,0) =0, N = 32, ¢ = 10000 — 10500.

5 Conclusions

MS integrators are discretizations of the PDE which preserve exactly a discrete
version of the MSCL. In this note, we have developed MS spectral integrators
for the sine-Gordon equation. The benefits of these integrators are greater qual-
itative fidelity and superior preservation of local conservation laws and global
invariants. The numerical experiments show that the MS spectral methods pro-
vide an improved resolution of phase space structures when compared with non-
symplectic spectral integrators.
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Abstract. This paper takes a look at numerical procedures for comput-
ing approximation of the exponential of a matrix of large dimension. Ex-
isting approximation methods to evaluate the exponentiation of a matrix
will be reviewed paying more attention to Krylov subspace methods and
Schur factorization techniques. Some theoretical results on the bounds
for the entries of the exponential matrix and some implementation details
will be also discussed.

1 Introduction

Several problems in mathematics and physics can be formulated in terms of
finding a suitable approximations to certain matrix functions. Particularly, the
issue of computing the matrix exponential f(A) = e~*4, ¢t > tg, is one of the
most frequently encountered tasks in matrix function approximation and it has
received a renew attention from the numerical analysis community. This prob-
lem arises in many areas of applications, as for instance the solution of linear
parabolic partial differential equations which needs the numerical solution of n
dimensional systems of ODEs ¢ = —Ay + b(¢), y(0) = yo, t > 0 [BI5LE], or
recently in the field of geometric integration. In fact, most Lie group methods,
as Runge-Kutta/Munthe-Kaas schemes, Magnus expansions and Fer expansions
[T92028], require to suitable approximate the matrix exponential from a Lie
algebra g C IR"™"™ once (and often repeatedly) at each time step. This can be a
very challenging task for large dimension matrix. Moreover, the context of Lie-
group method imposes a crucial extra requirement on the approximant: it has
to reside in the Lie group G C GL(n,IR) associated to the Lie algebra g.

In general, this property is not fulfilled by many standard approximations
unless the exponential is evaluated exactly.

This can be done for instance for a 3 x 3 skew symmetric matrices, whose
exponential is given exactly by the Fuler Rodriguez formula

. . 2
exp(A) = I + smo(éa)A_’_% (81n0572/2)> 22,

where

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 111-[[20] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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as —aq 0

1/2

Other exact formulas for exponentials of skew symmetric matrices can be ob-
tained making use of the Cayley-Hamilton theorem which for every A €
GL(n,IR) allows us to have the basic decomposition exp(tA) = ka:_ol fr(t) Ak,
where m is the degree of the minimal polynomial of A and fy,..., f;_1 are some
analytic functions that depend on the characteristic polynomial of A. However,
these algorithms are practical only up to dimension eight. In fact, for large scale
matrices, they require the computation of high powers of the matrix in question
and hence high computational costs due to the matrix-matrix multiplication;
moreover they suffer of some computational instabilities due to the direct use of
the characteristic polynomial.

Based on the above remarks, it appears clear that exponential of large ma-
trices cannot be evaluated analytically and that an algorithm which is simple
and efficient and satisfies some geometric properties is highly desiderable.

In the following pages, we will review some existing approximation methods,
highlighting also some theoretical aspects. In the last section we will give also a
brief overview on a new methodology with can be consider an hybrid scheme for
exponential approximation.

2 Review of Existing Approximation Methods

Classical methods for the evaluation of a matrix exponential can be classified
into three main categories:

(i) rational approximants;
(ii) Krylov subspace methods;
(iii) techniques based on numerical linear algebra;

further, within the context of Lie-group theory other methods for the approxi-
mation of the exponential have been recently introduced:

(iv) the splitting methods.

2.1 Rational Approximants

A rational approximation of the exponential function replaces it by a rational
function, exp(z) = r(z) := pa(2)/qs(%), where p and ¢ are polynomials of degree
a and 3 respectively, ¢(0) = 1 and the error term e* — p(z)/q(z) is small in a
chosen norm. Thus for the matrix exp(A) one has to compute two matrix-value
polynomials, p(A) and g(A), and invert the latter to obtain r(A).

Probably, the most popular approximant of this kind is the diagonal (v,v)
Padé approximations where

Pl =X g o () =)
k=1 ’ '
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Unfortunately, the Padé approximants are good only near the origin (see [13]).
However, this problem can be overcome with the so-called scaling and squaring
technique, which exploits the identity

exp(A) = (exp(4/2%))%

as follows. First, a sufficiently large & is chosen so that A/2¥ is close to 0, then a
diagonal Padé approximant is used to calculate exp(A4/2¥), and finally the result
is squared k times to obtain the required approximation to exp(A). This basic
approach is implemented in the Matlab function expm to evaluate the exponential
of a matrix with a computational cost between 20n and 30n? operations.

About the behavior of rational approximants when applied to matrix belong-
ing to a Lie algebra, the following theorem states that an important category of
Lie group leads itself to suitable rational approximations.

Theorem 1. (see [§]) Let G = {Y € GL(n,IR) : YTPY = P}, where P is a
non-singular n x n matriz and let g = {X € gl(n, R) : XP+ PXT =0} be the
corresponding Lie algebra. Let ¢ be a function analytic in a neighborhood Uy of

0, with ¢(0) =1 and ¢'(0) = 1. If
o(z)p(—=z) =1,  Vz €Uy, (1)
then VX € g, ®(tX) € G for allt € R sufficiently small.

Examples of Lie group verifying the above theorem are the orthogonal and
the symplectic group. Moreover, the diagonal Padé approximants are analytic
functions that fulfill (1), and this guarantees that their approximation of the
exponential of a matrix in the Lie-algebra of a quadratic Lie group lies in the
corresponding group.

Another class of approximations of exp(A) are based on the Chebyshev series
expansion of the function exp(z) on the spectral interval of A. Now let A be an
Hermitian matrix and suppose that e is analytic in a neighborhood of the
spectral interval [A1, A,] of A. The approximation of exp(A4)v has the form

exp( UNZaka 1A_EI)

where Iy = (A, — A1)/2 and Iy = (A, + A1)/2, Ck is the kth Chebyshev poly-
nomial of the first kind and the a; are the Chebyshev coefficients of e(1t+t2)
€ [-1,1]. Chebyshev polynomial approximation for the exponential of sym-
metric large sparse matrices was considered in [34], while in [2] a lower bound
for || exp(—7A)v||2 based on the computation of an eigenvector associated with
A1 was obtained. The exponential of a non-symmetric matrix has also been ap-
proximated in [26]27] using the Faber polynomial and the Faber series.
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2.2 Methods of Numerical Linear Algebra

A simple technique to evaluate exp(A) is by spectral decomposition: if A =

VDV~ where D is diagonal matrix with diagonal elements \;, i = 1,...,n,
then
eM 0 ... 0
0 e
exp(A) =Vexp(D)V 1=V | . . v
' . etn

This, however, is not a viable techniques for general matrices. In place of spectral
decomposition, one can factorize A in a different form, e.g. into Schur decom-
position (see [13]) A = QTQT, where Q is an orthogonal n x n matrix and T is
an n X n upper triangular matrix or a block upper triangular matrix (when the
eigenvalue of A can be clustered in blocks) and therefore exp(A4) = Q exp(T)QT.

2.3 Krylov Subspace Methods

The basic idea of the Krylov subspace techniques is to project the exponential of
the large matrix onto a small Krylov subspace. Particularly, an approximation
to the matrix exponential operation exp(A)v of the form

exp(A)v = pp—1(A)v,

where A € GL(n,IR), v is an arbitrary nonzero vector, and p,,_1 is a polynomial
of degree m — 1. Since this approximation is an element of the Krylov subspace

K (A, v) = span{v, Av, ---, A" Ly},

the problem can be reformulated as that of finding an element of K,,(A,v). To
find such an approximation can be used the Arnoldi and nonsymmetric Lanczos
algorithms, respectively. The Arnoldi algorithm generates an orthogonal basis
of the Krylov subspace using v1 = v/||v|| as initial vector.

Arnoldi algorithm
1. Compute v1 = v/|v].
2.Doj=1,2,...,m.
w = Av;
Doi=1,2,...,j
hij = (w,v;) w=w — h; jv;
Compute h,j+1 = ||wH2 and Vjt1 = w/hj+17j.

Arnoldi algorithm produces an orthonormal basis Vi, = [v1,v2,...,0y] of
the Krylov subspace K,,(A,v) and a m x m upper Hessemberg matrix H,, with
elements h; ; such that

AVm =VnH, + hm+l7mvm+leﬁ
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from which we get H,, = V,L AV,,. Therefore H,, represents the projection of
the linear transformation A onto the subspace K,,, with respect to the basis
Vin. Based on this we can also write exp(A)v =~ (V,, exp(Hy,)e1 (where § =
||v|| ). Now, the problem of computing exp(A)v has been reduced to the task
of computing the lower-dimensional expression exp(H,,)e;, which for m < n is
usually much easier, e.g., by diagonalization of H,,.

The computational cost required by the Krylov subspace methods with the
Arnoldi iteration is sum of the following partial amounts of operations, counting
both multiplications and additions: 2mn?+2nm(m—1) operation to compute the
Krylov subspace K, (A, v) of dimension m; Cm? computations for the evaluation
of the exponential of the Hessemberg matrix H,,; 2nm operations arising from
the multiplication of exp(H,,) with the orthogonal basis. However, when n is
large and m < n, these costs are subsumed in that of the Arnoldi iteration, and
the leading factor is 2mn? (2mn?® for matrices).

Some error bounds for the Arnoldi approximation of exp(A)v can be given
for various classes of matrices.

Theorem 2. (see [I7]) Let A be a complex square matriz of large dimen-
sion m, and v a given n-dimensional vector of unit length (||v|]| = 1) and
erry, = || exp(TA)v—Vy, exp(THy, )e1]|| be the error in the Arnoldi approxzimation
of exp(TA). Then erry, satisfies the following bounds:

(1) if A is Hermitian negative semidefinite matriz with eigenvalues in the in-
terval [—4p, 0] then:

erry, < 10e=m°/507, VApT <m < 2pr,
erry < 10(pt) " te P (ept/m)™, m > 2pT;

(2) if A is skew-Hermitian matriz with eigenvalues in an interval on the imag-
inary axis of length 4p, then

erry < 12e~0D M (epr fm)™, m > 2p7;
(3) if A has numerical range contained in the disk |z + p| << p, then:
errm < 12e7 " (ept/m)™, m > 2pt.

Another well known algorithm for constructing a convenient basis of K, is
the Lanczos algorithm which, starting from two vectors v; and w;, generates a
biorthogonal basis of the subspaces K,,(4,v1) and K,,(AT, w1).

Lanczos algorithm
1. Compute v; = v/||v|| and select w; so that (vy,w;) = 1.
2.Doj=1,2,....m

ay = (Avj,wj)

7}]+1 = AU] ;U5 — 6J’UJ 1

Wjqq = AT wj ojw; — 0jWj—1

Bi+1 = (041, 0j41)|s 01 := Bjp18ign[(dj41, Wj11)]

Vj41 = Uj41/041 and w]+1 = Wjt1/Bj+1-
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Setting V,, = [v1,v2,...,0m], Wi = J|wi,we,...,wy] and T, =
tridiag(d;, a;, B;) then WIV,, =V,,W,, = I, with I the identity matrix and

Avm = Vme + 6m+1vm+1€%a

from which we can derive the approximation exp(A)v = BV;, exp(T,,)e1. The
exponential matrix exp(7T;,) can be computed again from the eigendecomposition
T = QD QT | with diagonal D,,, via exp(T,) = Qm exp(D,,)QT.

Observe, that both these methods reduce to the same technique when the
matrix is symmetric.

For the Lanczos method it can also be proved analogous error bounds (except
for different constants) as that given for the Arnoldi method in Theorem Pl (see

().

2.4 Splitting Methods

Splitting methods have been considered by various authors in different contexts:
for constructing symplectic methods or volume preserving algorithms, and in
PDE context [5[7I5]. A good survey can be found in [24].

The idea these methods are based on is the following: a given n x n matrix
A in a Lie algebra g is split in the form

A= ZAk, (2)
=1

where Ay € g, kK = 1,2,...,s, has an exponential that can be easily evaluated
exactly so that

exp(tA;) exp(tAy) - - -exp(tA,) = exp(tA) + O(tPTh)

for sufficiently large value of p > 1. Of course this procedure is competitive with
direct evaluations of exp(tA) only when each exp(t4;) is easy to evaluate exactly
and their products are cheap.

These requirements are satisfies when each C' = A; is a low rank matrix, i.e.
C =571 bl =ap”, with oy, 8, € R", where p > 1 is a small integer and
a=lar,...,0p, B=1[0,..., 0] are n x p matrices. In this case, the function
exp(tC) can be calculated explicitely via the formula

exp(tC) = I +aD (exp(tD) — I)3". (3)

where D = T« is nonsingular (see [5]). Observe that each exp(tD) can be
approximated with a diagonal (v, v)-Padé approximant at the cost of vp3 flops.

This low-rank splitting can be easy generalized splitting A into matrices
having one raw and one column (or a few rows and a few columns) (see [5] for
more details). Recently, it has been demonstrated also that the splitting (2) can
be improved when A belongs to a Lie algebra g by letting

A= Zalem (4)
k=1
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where r = dim(g) and Q1,Qa,...,Q, is a basis of the algebra, and

exp(tA) ~ exp(g1(t)Q1) exp(g2(t)Q2) - . . exp(g,(t)Qr),

and g1, ga, - .., gr are polynomials ([6]). In this case, the right choice of the basis
and the use of certain features of the Lie algebra assume a fundamental impor-
tance [6].

3 A Recent Approach Based on SVD Techniques

Recently, other approaches for evaluating both exp(A) and exp(rA)y where A
is a sparse skew symmetric matrix of large dimension n, y is a given vector, and
7 is a scaling factor, have been proposed which takes advantage from some of
the approaches discussed before. In [9] a procedure based on an effective Schur
decomposition of the skew symmetric matrix A consisting into two main steps
is presented. We will describe briefly this method. In the first step the skew-
symmetric matrix A is tranformed via the Arnoldi procedure into its Hessenberg
form H, e.g. A = QHQT with Q n x n orthogonal matrix and H an Hessenberg
n X n matrix possessing a tridiagonal structure. Then in the second step a Schur
decomposition of H is obtained by using the singular value decomposition of
a bidiagonal matrix of half size of H. The proposed procedure allows to take
full advantage of the sparsity of A and of the tridiagonal form of H. In fact, the
main cost for evaluating exp(A) is %n3 flops which reduces to 2n2 flops when the
banded structure of H is exploited; further, kn? flops are needed for evaluating
exp(TA)y.

Remark 1. In the implementation of a method to approximate the exponential of
a matrix it could be important to know whether the entries of the matrix function
exp(A) exhibit some kind of decay behavior away from the main diagonal, and
to be able to estimate the rate of decay. Generally, even A is a sparse, exp(A)
is usually a dense matrix. However when the matrix in study presents a banded
structure it can be proved that the elements of the exponential decay very rapidly
away from the diagonal and in practical computation they can be set to zero
away from some bandwidth which depends on the required accuracy threshold
(see [T121]). Let A be a banded matrix of bandwidth s > 1 then the extra diagonal
entries of exp(A) rapidly decay, as

|lexp(A)]ki| < exp(p)je—y(2p),  for k,l=1,2,...,m, ()

where [exp(A)]k,; denotes the (k,1) entry of the matrix exp(A), p = maxo<j<p h;
and I,.(z) is the modified Bessel function with I,.(2p) = % for r >> 1 (see [21]
for details). It not always clear at all how, for a bounded A, the nearness of
exp(A) to a banded matrix can be exploited for improving Krylov subspace
approximation or into rational approximation, but it has been used successfully
in the context of splitting methods and in linear algebra methods to save some
computational costs.
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4 Exponentiation in Numerical Methods for ODEs

As observed above, the use of exponential of matrices for the numerical integra-
tion of ordinary differential equations on manifolds has been successfully adopted
for designing a large number of geometrical methods which behave more favor-
ably than standard integrators (see for instance [14]). In this final section, we
will report some geometric integrators for linear and nonlinear differential equa-
tions.

Second and fourth order Magnus methods for ' = A(t)y

MG2 MG4

Ay = A(t, + h/2); Ay = Atn + (3 = B)h)

wy, = Ar; A = Atn + (3 + %2)h)

Yn+1 = exp(hwp)yn Wy, = %(Al + Ay) + Tgh[A27A1],

Third order Crouch-Grossman method for y' = A(¢t, y)y:

Ay = Altn, yn);
Ay = A(t, + %h, exp(%hAl)yn);

Az = A(tn + %h’ exp(i%ghAz) exp(%h/h)yn);

Ynt1 = exp(57hAs) exp(—3hAz) exp(F2h A1)y,
Exponential methods for nonlinear initial value problem y’ = f(y)
— The exponential fitted Euler method:
Ynt1 = Yn + hp(RA) f(yn),

— A symmetric exponential method:

Yn+1 — Yn = eXp(hA)(yn—l - yn) + Qh(p(hA)f(yn)a

ef—1
z

where with A = f(y,,) is Jacobian matrix of f and ¢ =
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Value Problem in Some Quadratic Group
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Abstract. In this paper the solution of an inverse singular value prob-
lem is considered. First the decomposition of a real square matrix
A =UXYV isintroduced, where U and V are real square matrices orthog-
onal with respect to a particular inner product defined through a real
diagonal matrix G of order n having all the elements equal to 1, and X' is
a real diagonal matrix with nonnegative elements, called G—singular val-
ues. When G is the identity matrix this decomposition is the usual SVD
and X is the diagonal matrix of singular values. Given a set {o1,...,0n}
of n real positive numbers we consider the problem to find a real ma-
trix A having them as G—singular values. Neglecting theoretical aspects
of the problem, we discuss only an algorithmic issue, trying to apply a
Newton type algorithm already considered for the usual inverse singular
value problem.

1 Introduction

Inverse problems are an important topic in applied mathematics (statistics, data
analysis, applied linear algebra), since some times it is important to recovery
some general structures (for instance matrices) starting from known (e.g. exper-
imentally) data (eigenvalues, singular values, some prescribed entries). In this
work we consider a special inverse problem related to the already studied inverse
singular value problem (see [2]). In particular, firstly we consider the decompo-
sition of a real square matrix A of order n

A=UXV (1)

where U and V' are G—orthogonal (or hypernormal) matrices and X is a nonneg-
ative diagonal matrix. When G is the Minkowski matrix, () has some interesting
applications in the study of polarized light (see [9J10]). Hence, we consider the
inverse singular value problem for the decomposition (). At the present, we do
not know if this problem has a practical interest, but we observe that in the last
years there has been a growing interest towards other kinds of SVD (for instance
the Hyperbolic Singular Value Decomposition having some applications in signal
processing and other fields of the engineering [II7/11]). The paper is organized
as follows: in the Section [2] we describe some algebraic properties of a product
between vectors of IR"™ and introduce the singular value decomposition (), in

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 121-[30] 2003.
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Section Bl we present a discrete approach for the inverse singular value problem
in the groups defined in Section [2 and finally in Section ] we show a numerical
example.

2 Singular Value Decomposition in Quadratic Groups

Let us denote by D, the set of real diagonal matrices of dimension n, with
elements equal to =1 and with p elements equal to +1. Let G € D,,,1 < p < n,
and let us define the following inner product:

x,y € R": (x,y) =xTGy. (2)

Given a vector x € IR", the number
n
XTGX = E g”SClQ
i=1

is called Hypernormal Norm even if it does not define a norm since it could be
nonpositive. If G is the identity matrix of order n, then (2)) defines the usual Eu-
clidean scalar product. Using the hypernormal norm, the following classification
among the vectors of IR" can be introduced.

Definition 1. A vectorx € R" is called Timelike (Strictly Timelike) if (x, x) >
0 (if (x,x)>0).

Definition 2. A wvector x € IR" s called Spacelike (Strictly Spacelike) if
(x,%) < 0, (if (x, %) < 0).

Definition 3. The set {x € IR" | (x,x) = 0} is called Light Cone.

Definition 4. The vectors x,y € R" are G—orthogonal with respect to (3) if
(x,y) =x"Gy = 0.

We observe that the G—orthogonality does not imply the linear independence.
In fact, if x is in the light cone, it is G—orthogonal to all the vectors y = ax.
Among the most used matrices GG, we have the Lorentz matriz when

()
o (")

which has important applications in the mathematics of the relativity theory.
Now we give some definition about real matrices with respect to (2).

and the Minkowski matriz if
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Definition 5. A real square matriz A of order n is said G-adjoint of B € R™*"
if
(4Ax,y) = (x, By)

for all x,y € R™.

The matrix G—adjoint of A is usually denoted by A*. From (@) it follows that

AT =GgATG.

Definition 6. A real square matrixz A of order n is called G—selfadjoint if
(Ax,y) = (x, Ay).

If A is G—selfadjoint then A = AT = GATG. The concept of G—orthogonality
can be extended also to real matrix.

Definition 7. A real square matrix A of order n is said G-orthogonal (or hy-
pernormal ) if
A7l = AT =GATG.

See [8] for further properties and applications of hypernormal matrices. If A is
a G—orthogonal matrix then
AGAT =G.

If we consider the quadratic group related to matrix G, i.e. the set
He(R) ={Y e R™" | det(Y) #0, YGYT =G},

it coincides with the set of G—orthogonal matrices. In [6] the conservative so-
lution of differential systems in these groups has been considered. Related to
He(IR) it is possible to define the its algebra as the set

he = {A € R™™ | GA+ ATG = 0}.

If A € hg then
AT = —GAG.

If G is the identity matrix then hg is the set of real skew-symmetric matrices
(sometimes matrices in he are also called G—skew-symmetric). If

_(L O
“=(6-1.)

A € hg can be characterized in the following way

A Ago
A=
()
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where Ay, € IRP*P and Agy € R™ P *X("P) are real skew-symmetric matrices
and Ay, € RP*(™P) Given A € IR™ " if there exist two real G —orthogonal
matrices U and V, and a diagonal matrix X with nonnegative elements such
that

A=UXV

then it is called G—Singular Value Decomposition of A (or G — SV D). In par-
ticular it is called Singular Value Decomposition in Minkowski Space if G is the
matrix (B]). For the existence of this decomposition the following theorem holds

(see HI9]).
Theorem 1. The G—SVD of a real matriz A exists iff

1. Matriz AT A is diagonalizable and has real nonnegative eigenvalues;

2. N(ATA) = N(A)
where N'(A) denotes the null space of A.

The elements of X' are called G—singular values of A. They are the square roots
of the eigenvalues of AT A. In fact

ATA=V*TXUtUrxv =vts2v = v 132V,

3 Inverse Singular Value Problem in Quadratic Groups

Inverse problems involving eigenvalues and singular values have been extensively
studied in last years (see [2I3[5]). The classical inverse singular value problem is
stated as follows: given real general matrices By, B, ..., B, € IR"*", and a set
of nonnegative numbers o1, ...,0, find the real values cq,...,c, such that the
singular values of the matrix

n
B(c)=DBy+ Y _ciB; (4)
i=1
are o1, ...,0,. We suppose o; # o; if i # j. Starting from the same premise it is

obvious to define an analogous inverse problem also for other kinds of singular
value decomposition. It is possible to ask that matrix (4) has the G—singular
values equal to o1,...,0,. In [2] two different approaches are analyzed for the
inverse singular value problem: the first is continuous and the other one is dis-
crete.

The first approach exploits the property that the eigenvalues of the symmetric

matrix
0 A
AT 0

are plus and minus of the singular values of A, then a continuous flow is derived
having the diagonal matrix of the singular values as limit point. In our case this
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approach cannot be applied since the G—singular values are the eigenvalues,
with signs plus and minus, of the non-symmetric matrix

0 A
GATG 0

then it cannot treated as a symmetric inverse eigenvalue problem. The second
approach is a Newton-type algorithm having quadratic, but not global conver-
gence. We try to apply this second approach to our problem. Following [2] we
define

M(E)={UtZV e R | U,V € He(R)} (5)

the set of all real matrices in IR"*"™ whose G—singular values are o1, ..., 0.
Denoting by
B={B(c) | ceR"}

the set of matrices of the form (H), the inverse G-singular value problems is
equivalent to find an intersection of the two sets M (X) and B. If X(™) € M (%)
there exist two matrices U™, V(™) € Hq(IR) such that

gmT xm)ym) _ 5 (6)
We recall that

-1

gm~ —gmt —gqumTe,  ymT o ymt ZgymTa.

Now we need to find an intercept of the line tangent to the manifold M(X) at
X (M) with the set B. Since a tangent vector T(X) to M (X) at a point X € M(X)
has the form

T(X)=XK-HX

where K, H are G—skew-symmetric matrices and it is well-known that
X+T(X)=X+XK-HX

represents the line tangent to M (X) emanating from X then we need to find
two matrices H(™), K(™) € h¢ such that

xm) 1 x(m) ge(m) _ pr(m) x(m) _ B(c(m+1)). (7)

From (B) it is also:
X — gtm) gy m =

then (@) becomes:
U sy m =ty gm sy m T em) _ gemgm) sy em Tt 2 pemt )

sy~ py T m) )T g m) grm) sy m) T ) T gelme))
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4 xym T gy g T g s gm) T g(em+)yyim)
srxavmtarmym _qumarmpm s — quim® gp(emtDyym,

Setting
K — qvmT g prm)yim)

Hm — qumT g gm)

B = qum T GB(ctm))ym).
the equation becomes
Y4+ xK™ — gy = pm), (8)

The matrices K™ and H™) are in the tangent space hg, in fact

GRM 4 R G — G GV(rn)TGK(m)V(m)} L [GV(’”)TGK(m)V(m)}T G—
—yvmTgrmym L ymm? gy m) -

—yvmTarmym) _ymTarmym —

The proof for H(™) is similar. We can exploit the n? scalar equations (§) to eval-
uate the elements of unknown matrices K™ and H(™) and the unknown vector
™+ Let us consider if they are enough to compute the elements unknown.
Matrices K™ and H(™ are in hg, whose dimension is [n(n — 1)]/2 hence they
are characterized by n? —n parameters plus n elements of vector ¢(+1) we have
exactly n? unknowns, which can be computed from the equations. For i # j (8]
gives

b = ok —hiVo; (9)
while the equations for diagonal elements are
K=o, i=1,...,n. (10)

Using ([[0) it is possible to compute the elements of the vector ¢(™*+1). In fact
where e; is the i—th unit vector of IR", and from ()

B = GU™T GB(cmD)y m) =

=aqUum™TG |By+ Y ¢;B; | VM =

Jj=1

= QUGB + 3 ¢, qUM T GB V™.

j=1
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Hence

b = el |qUum T GB v + 3 ¢;aUut GBI | e; =

j=1
= TGU™ GBV(Me; + i c; T GUMT G vime,.
j=1
The vector ™11 is the solution of the linear system
AMemtl) — 6 _p, (11)
where A € IR™*" is the matrix with elements

o™ = eF QU™ GB;V e,

and ’
bi = elTGU(m) GBOV(m)ei
and o denotes the vector (o1, ...,0,). If (L) has a unique solution then vector

(™Y is known. To compute matrices K™ and H(™ we exploit @N. We recall
the structure of matrices in hg

o= (K0,
K" Kl

where K7V € RP*? and KV € RO"P*("=P) are real skew-symmetric ma-
trices. First we consider the equations (4,7), with 1 < ¢ < j < p and
p+l<i<gi<n:

by = ok = hiVo; (12)
and ~ ~ ~ ~ ~
b = ok — 1oy =~k + o, (13)

Solving ([I2)) and (I3]) we obtain:

oo o? — 0']2-

7 7,
2 2
o; _Jj

m) _ oy + ;b

ij
From the equations (7,7), l <i<pand p+1<j <n,itis:

and
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b = ok — B oy = 0k — aih{T. (15)

Solving ([I4) and (%)) we obtain:

~(m) _ U]BET) - O'lggn)
v 0]2 —o?
sy _ iy — it

h}
(%] 2 _ -2
O'j ag;

We use K™ and H™ to compute K™ and H(™) | in fact

KM = g(vm HTgKmym™ = ym gmqgym®q

H — GUum ™) Tgamym™ = ym gmaqum?” g,

The next step is to project B(c(™*+1D) to M(X). It is possible to use the expo-
nential map, since, given a matrix H in hg, then e belongs to the quadratic
group. The computation of the exponential of a matrix is too expensive, then
the Cayley transform can be used, if

H(m) N ! K(m) Ky 7t
D=(I+—)(I-— F=|(I+—)(I-—=——
(+5)(-5) () ()

then
X+ — ptxmp

The computation of the matrix can be avoided since only G—orthogonal
matrices U("™) and V(™) are needed:

ym+ — ptytm, y(m+1) — py(m)

The convergence of the method will not be considered in this work.

4 A Numerical Example and Conclusions
In this last section we present a numerical example concerning the discrete
method introduced in the previous section.

Example 1. In this case we have considered a problem of dimension 4, the matrix

G is
(I, 0
G(O —Ig)

and we have chosen the following random symmetric matrices B;:

1.4353 1.1345 0.7833 0.5754
1.1345 0.7065 0.8811 1.1264
0.7833 0.8811 0.9568 1.2707
0.5754 1.1264 1.2707 1.7857

By =
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0.5462 1.0596 0.9154 1.0762
1.0596 1.8168 0.3103 0.4132
0.9154 0.3103 1.2816 0.3617
1.0762 0.4132 0.3617 1.9886

By =

0.8796 0.7333 0.7728 0.5254
0.7333 1.1831 0.9896 0.9110
0.7728 0.9896 1.1885 0.5023
0.5254 0.9110 0.5023 1.2917

By

1.9338 0.8019 1.6053 0.1655
0.8019 1.6375 1.1775 1.0814
1.6053 1.1775 0.6922 0.5885
0.1655 1.0814 0.5885 1.7120

Bs

0.9805 1.2666 0.7582 1.4403
1.2666 0.8244 0.9508 0.5583
0.7582 0.9508 1.3864 1.0502
1.4403 0.5583 1.0502 0.3976

By =

Then we have taken the following vector c:
€ = (6.2520F — 01,7.3336E — 01, 3.7589F — 01,9.8765E — 03)”
and have considered as G—singular values those of matrix B(€):
o = (0.39364, 1.1338, 2.5057, 10.4847)7".

Hence we have perturbed each entry of the vector € with random quantities
between 0 and 0.5, and have considered this one as the initial guess for the
iterations. In fact the algorithm, when it converges, has only a local convergence
(see [2]) then it is necessary to start from a point near the solution. In Table [
the error, measured in the 2-norm, on the G—singular values at each iteration
are shown.

Table 1. Example 1

Iteration Error

0 2.5289%¢ + 0
1.1410e + 0
7.2304e — 1
3.2589%¢ — 2
8.9911e — 3
3.0011e — 4
9.8812e — 5

DU W N
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In the paper we have presented a discrete approach to the inverse singular value
problem in quadratic groups. The algorithm is similar to the one already in-
troduced for the usual inverse singular value problem. The algorithm described
needs to be investigated more carefully, in fact it breaks down very often (the
matrix A is some times singular or the matrix B(c("™)) does not satisfy the
hypotheses on the existence of the G-singular value decomposition. A possible
solution to these troubles could be a different parameterization of the manifold
(B). This features will be analyzed in future together with the solvability of the
problem. Moreover it should be considered the analogous problem for the Hyper-
bolic Singular Value Decomposition (see [TJ7J11]) which has some applications
in signal processing and other fields of engineering. Some other aspects of the
problem need further investigations, for instance the application of continuous
techniques (see [2]).
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Abstract. We consider two step Runge-Kutta-Nystréom methods for the
numerical integration of y” = f(z,y) having periodic or oscillatory so-
lutions. We assume that the frequency w can be estimated in advance.
Using the linear stage representation, we describe how to derive two
step Runge-Kutta-Nystrom methods which integrate trigonometric and
mixed polynomials exactly. The resulting methods depend on the pa-
rameter v = wh, where h is the stepsize.

1 Introduction

We are concerned with the second order initial value problem

y//(t) = f(ta y(t))v y(tO) = Yo, y/(tO) = yé)’ y(t)a f(t’y) € R", (1)

having periodic or oscillatory solutions, which describes many processes in tech-
nical sciences. Examples are given in celestial mechanics, molecular dynamics,
seismology, and so on.

For ODEs of type (1), in which the first derivative does not appear explic-
itly, it is preferable to use a direct numerical method, instead of reducing the
ODEs (1) into a first order system. An interesting and important class of initial
value problems (1) which can arise in practice consists of problems whose solu-
tions are known to be periodic, or to oscillate with a known frequency. Classical
methods require a very small stepsize to track the oscillations and only methods
which take advantage of some previous knowledge about the solution are able
to integrate the system using a reasonable large stepsize. Therefore, efficiency
can be improved by using numerical methods in which a priori information on
the solution (as for instance, a good estimate of the period or of the dominant
frequency) can be embedded.

In the following let us assume that a good estimate of the dominant fre-
quency w is known in advance. The aim is to exploit this extra information and
to modify a given integration method in such a way that the method parameters
are ‘tuned’ to the behavior of the solution. Such an approach has already been
proposed by Gautschi in 1961 [6] for linear multistep methods for first-order
differential equations in which the dominant frequencies w; are a priori known.
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Exploiting this idea, many numerical methods with coefficients depending on the
predicted frequency are available in literature. Paternoster introduced Runge—
Kutta—Nystrom methods based on trigonometric polynomials [10], and methods
resulting exact in phase when the high frequency component is produced by a
linear part [I1]. Coleman et al. considered methods based on mixed collocation
H]. In the class of exponential-fitted methods many methods are available in
literature. Ixaru in [7] focused on the numerical formulae associated with oper-
ations on oscillatory functions. Then many papers followed, we only cite here
some of them [SIT4UTHITH]; see also the references therin.

In this paper we consider two step Runge-Kutta—Nystrom methods for (1)
having periodic or oscillatory solutions, for which a good estimate of the fre-
quency is known in advance. We treat the TSRKN method as a composite linear
multistep scheme, as done in Albrecht’s approach [I2]. Following the approach
of [6/T0J12], we define the trigonometric order of the methods. In section 2 we
recall the conditions to obtain two step Runge-Kutta—Nystrom methods which
integrate algebraic polynomials exactly. In section 3 we give the definition of
trigonometric order of the TSRKN method, and state the conditions to satisfy
for integrating trigonometric polynomials exactly.

2 Two Step Runge-Kutta-Nystrom Methods Based on
Algebraic Polynomials
We consider the two step Runge-Kutta—Nystrom methods (TSRK)

m

Yij;1=yz‘—1+hcjy§,1+h225 1aisf(Timt 4+ csh, YE ), j=1,...,m
Y] =yt hejyl + 2T agof(xi + csh, V), i=1,....m,
Yir1 = (1= 0)y; +0yia +h 35 viy,_y +h 30 whyi+
W23 (0 f(@an + e5h, Y1)+ wif (i + ¢;h, YY),
Yir = (1 =0)y; +0y;_y +h 37, (v f(xio1 + cjh, Y/ )+w3~f(:17,;+cjh,Yij)).

(2)
for the initial value problem (1). 0, v;, wj, v}, w}, ajs, j,8,= 1,...,m are the

coeflicients of the methods, which can be represented by the Butcher array

C1|ai G2 - Aim

cl| A C2 | G21 Q22 -+ G2m
v :

w
= Cm |Gm1 Am2 " Gmm (3)

0 , 0| vy vy - Uy

v Wi w2 Wi

v o v o,

/ / !/

wy Wo Wy,
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The TSRKN method (2), introduced in [13], was derived as an indirect
method from the two step Runge-Kutta method presented in [9]. In compar-
ison with classical one step Runge-Kutta—Nystrém methods, TSRKN methods
need a lower number of stages to rise to a given order of convergence. Indeed,
advancing from z; to z;41, we only have to compute Y;, because Y;_; have al-
ready been evaluated in the previous step. Therefore the computational cost of
the method depends on the matrix A, while the vector v adds extra degrees of
freedom.

It is known that the method (2) is zero—stable if [13]

-1<60<1 (4).

We treat formulas (2) by extending Albrecht’s technique [I2] to the numerical
method we considered, as in [T0JT2]. According to this approach, we regard the
TSRKN method (2) as a composite linear multistep scheme on a not equidistant
grid. 4
Y7 ; and Y7 in (2) are called internal stages; y;+1 and y,,, are the final stages,
which give the approximation of the solution and its derivative of the solution
in the step point z;.

We associate a linear difference operator with each internal stage Y;” of (2),

in the following way:

L;[2(z); h] = 2(x + ¢jh) — 2(x) — hej2 (x) — h? Z(ajsz”(x +csh),  (5)

s=1
for j =1,...,m, While the operator
Llz(x);h] =z2(x+h)— (1 —-0)z(z) — 0z(x —h) — RO, vi2'(x — h)+

j=1"J
Yt wid () = k2 30 (52" (@ + (¢ — Dh) + w2 (2 + ¢;h),
(6)
is associated with the stage y;+1 in (2). Finally
L'[z(x); h] = hz'(x + h) — h(1 — 0)2' (z) — 6h2'(x — h)—

(7)
RS (03 (@ + (e — D)+ a4 cyh)

is associated with the final stage y; ; in (2). It follows that
Li[1;h] = Lj[z;h] =0, j=1,...,m,

which implies that y(z; + ¢;h) — Y7 = O(h) for h — 0. Moreover

K2

L[1;h) =L'[1;h) =L [z;h] =0, j=1,...,m,

If we annihilate (6) on the function z(z) = z, then from

L[z; h] = 0, it follows that
D () Hup) =1+6 ®)

Jj=1
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which represents the consistency condition already derived in [913] which, to-
gether with (4), ensures that the TSRKN is convergent with order at least one.
If (5) is identically equal to zero when z(z) = 2P, i.e. if £;[zP;h] = 0, then

P
Zaasc” 2_73_1) j=1,....,m. (9)

Moreover, if (6) is equal to zero when z(x) = P, i.e. L][xP;h] = 0, then

m

) o 1—(=1DPs (=1t
;(UJ( _1)p +ch;; ) = p(p(—l)) _(p—)l ;Uj' (10)

Finally, if we annihilate (7) on the function z(x) = P, then from £'[zP;h] = 0,
it follows that

i P72+ wld ) = 1= (=176 (11)

= / (p—1)

We can now give the following definitions:

Definition 1. An m-stage TSRKN method is said to satisfy the simplifying
conditions Co(p) if its parameters satisfy

k

S k-2 _ G _ _
Zajscs —m, ]—1,...,m,k:—1,...,p.

Definition 2. Anm-stage TSRKN method (2) is said to satisty the simplifying
conditions B (p) if its parameters satisfy

. L- (=D (D"
_ 1\k—2 k—2y _ _ ’
Z 1) T Wi )= k(k—1) k—1 ZUJ’

j=1

—

<.

Definition 3. An m-stage TSRKN method is said to satisfy the simplifying
conditions Bj(p) if its parameters satisfy

ooy L= (=110
;Cj ) = W, k= 1, .

m

vi(e; — D)2 pw cy D

—
—~

Jj=

Cy(p), B2(p) and Bi(p) allow the reduction of order conditions of trees in the
theory of two step RKN methods, which is under development by the author of
this paper; moreover they also mean that all the quadrature formulas represented
by the TSRKN method have order at least p, similarly as it happens in the theory
of Runge-Kutta methods [3].

The following theorem can be obviously proved by using Albrecht’s theory
(2]
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Theorem 1. If Co(p), Ba(p) and B(p) hold, then the m—stage TSRKN method
(1.2) has order of convergence p.

Proof. Cy(p), B2(p) and Bj(p) imply that all the stages of the method have order
p or, in Albrecht’s terminology, that each stage in (2) has order of consistency p,
so that the method has order of consistency p. In this case the method converges
with order at least p.

It is worth mentioning that the conditions Ca(p), Ba(p) and B4 (p) are only suf-
ficient conditions for the TSRKN method to have order p, but not necessary.
Indeed the final stage must have order of consistency p, which is the condition
B (p), but it is not necessary that also the internal stages have order of con-
sistency p. If all the stages have order of consistency p, then they are exact on
any linear combination of the power set {1,x,22,..., 2P}, and this implies that
the TSRKN method results exact when the solutions of the system of ODEs(1)
are algebraic polynomials. Moreover the simplifying conditions Cs(p), Bz2(p) and
B/ (p) are a constructive help for the derivation of new numerical methods within
the class of TSRKN methods having a high order stage, and will be a useful basis
for characterizing collocation TSRKN methods.

3 Two Step Runge-Kutta-Nystrom Methods Based on
Trigonometric Polynomials

Now, we can consider TSRKN methods which integrate ODEs (1) having pe-
riodic or oscillatory solutions, which can be expressed through trigonometric
polynomials.

Let us suppose that a good approximation of the dominant frequency w is
known in advance, and that (4) and (8) hold, so that the method is convergent
with order at least one.

Following Gautschi [6] and [T0[12], we state now the definition of trigono-
metric order.

Definition 4. The two step RKN method

c(v)

>

()

v(v)

()
v'(v)

w

w'(v)

1s said to be of trigonometric order q, relative to the frequency w, if the associated
linear difference operators (5)—(7) satisfy
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L;[1;h] = L[1;h] = L'[1;h] = 0, j=1,...,m;
Lilcosrwz; h] = Lj[sintwa; k] =0, i=1,...,m, r=1,...,q
L[cosrwx; h] = L[sinrwz; h] = 0, r=1,...,¢;
L'[cos rwz; h] = L'[sinrwz; h] = 0, r=1,...,q,

with v = wh.

It is already known that methods with trigonometric order q have algebraic order
2q (see [6UI0] for the definition of algebraic order) and therefore have order of
convergence 2q.

It is easy to verify that a TSRKN method has trigonometric order ¢, accord-
ing to Definition 4, if its parameters satisfy the following systems:

m 1 — cos(rc;v
ST ajscos(resy) = %
Alq) = a )jzl,...,s
m ) ¢;  sin(re;v
Yoot ajssin(resy) = ﬁ — ﬁ
Z;"Zl(vj cos(r (¢; — 1)v) + wj cos(re;v)) =
(1 = cos(rv))(1 —6) n 27:1 v} sin(rv)

r2y2 TV

VWo(q) =

>y (visin(r (¢ — 1)v) +w;sin(re;v)) =

—sin(r)(1+6) | Yoy v cos(rv) + YT, w
r2p2 Ty
m Si 1+6

ijl(v;- cos(r(c; — 1)v) + w); cos(re;v) = %
V'W'6(q) =

Z;n:l(v;- sin(r(c; — 1)v) + wjsin(re;r) = (- 9)(174; cos(rv)

forr=1,...,q.

The following theorem states some constructive conditions to derive TSRKN
methods giving exact solution (within the roundoff) error when the solution of
ODE:s (1) is a mixed polynomial which oscillates with frequency w.

Theorem 2. If the coefficients of the TSRKN method satisfy the conditions
Ca(p), Ba(p), B4(p) and A(q), VWO(q), V'W'0(q), then the TSRKN method inte-
grates any linear combination of {1,x, 22, ..., aP, coswz, sinwx, cos 2w, sin 2w,
..., €08 qwz, sin quz} exactly.

The construction of the methods requires the solutions of the linear systems
Cy(p), Ba(p), B4(p) and A(q), VIW0(q), V'W'6(q), which is underdetermined. Tt
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is possible to solve the uncoupled linear systems after fixing some free param-
eters. Through symbolic computation it is possible to determine the analytical
expressions of the remaining parameters of the method; for a high number of
stages the involved systems have to be solved numerically.

4 Conclusions

Numerical methods for (1) having frequency—dependent parameters are quite
widely used methods [4J5l6/810J11I14/15/16], when a good approximation of the
frequency w to be fitted is a priori available. In this paper we design the approach
to be used in the derivation of two step Runge-Kutta—Nystrém methods in the
case that only one frequency is fitted, but the development of TSRKN methods
in which more frequencies are fitted can be considered as well. The linear stability
analysis of these methods has not be considered in this paper, and has to follow
the lines drawn in [5l/8/4].

Recently some authors [I6] addressed the problem of how choosing the op-
timal value of the frequency to predict, and this new perspective enlarges the
sphere of application of methods with v—dependent parameters, where v is given
by the product of the fitted frequency and the stepsize.

The coefficients of methods which are frequency—dependent involve combi-
nations of trigonometric functions.

It is known that a common feature of this type of methods is that heavy can-
celations occur during the evaluation of the coefficients from their closed form,
which becomes increasingly severe as v tends to 0. Therefore, in the application,
the expansions of the coefficients in powers of v, generated for example by Maple
or Mathematica, is strongly recommended.
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A Symplectic Lanczos-Type Algorithm to
Compute the Eigenvalues of Positive Definite
Hamiltonian Matrices
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Abstract. The Lanczos algorithm is a well known procedure to compute
few eigenvalues of large symmetric matrices. We slightly modify this
algorithm in order to obtain the eigenvalues of Hamiltonian matrices H =
JS with S symmetric and positive definite. These matrices represent a
significant subclass of Hamiltonian matrices since their eigenvalues lie on
the imaginary axis. An implicitly restarted procedure is also considered
in order to speed-up the convergence of the algorithm.

1 Introduction

Many applications require the numerical approximation of the eigenvalues of a
2n x 2n real Hamiltonian matrix H = JS where

o I,
7= (45)

and S is a large and sparse symmetric matrix. As an example, we cite the solution
of the continuous-time algebraic Riccati equations [9[11] of the form

Q+ATX + XA - XGX =0,

where A, G and @ are known n X n matrices, G and ) symmetric, and the
solution X is also symmetric.

It is well known that the considered eigenvalues are symmetric with respect
to the real and imaginary axes. In this paper we are particularly interested in a
subclass of Hamiltonian matrices where S' is symmetric and positive definite. In
this case the eigenvalues lie (two by two symmetrically with respect to the origin)
along the imaginary axis. These matrices arise in many application fields that
deal with evolutionary problems whose solutions satisfy a certain conservation
law, typically the energy of the system (see, for example, [5]). In the rest of the
paper we refer to these matrices as positive definite Hamiltonian matrices [2].

All the numerical methods for the eigenvalues computation of Hamiltonian
matrices use symplectic transformations in order to maintain the Hamiltonian

* Work supported by GNCS.

P.M.A. Sloot et al. (Eds.): ICCS 2003, LNCS 2658, pp. 139-[[48] 2003.
© Springer-Verlag Berlin Heidelberg 2003
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structure of the matrix. In fact, if P is symplectic (that is, PTJP = J) and H
is Hamiltonian, then also P~!HP is Hamiltonian. For this reason, most of the
existing algorithms are symplectic modifications of more general approaches as,
for instance, the symplectic QR method in [67]13] and the symplectic iterative
methods [3/4].

In particular, the symplectic Lanczos algorithm in [4] where the directions
generated by the procedure are symplectic rather than orthogonal, is strictly
related to the method introduced in this paper. The idea inherited this algorithm

is the following: let
S11 S12
S =
(522

with S1; and Sio symmetric, the matrix H may be represented in the form

H = S?Q Sa2 — vV w
_Sll _512 B Z _VT ’

The approach in [4], as well as those in [IJI0] which define canonical forms for
the Hamiltonian matrices, transform the above matrix in

i Wy
_ V1T

with V7 triangular and V; and W; having few nonnull diagonals. This is called
a Hamiltonian triangular form for the matrix H.

Conversely, based on a theoretical result in [2], for positive definite Hamilto-
nian matrices we derive a canonical form (W3 tridiagonal)

(")

by means of a transformation that we prove to be symplectic. We will explain
how to derive this form in Section [2. Then in Section [3, following the results
presented in [4)8], we derive an implicit restarting technique that can be easily
applied to the considered class of matrices.

2 Tridiagonal Canonical Form

In [2] existence results on a diagonal form for Hamiltonian matrices H = JS with
S positive definite is given. In the same paper, this result is also rearranged in
order to obtain the following symplectic transformation in the simplest canonical
form.

Theorem 1. Given a real Hamiltonian matrix H = JS with S symmetric and
positive definite, a real symplectic matriz Z exists such that

HZ:Z(DlDl)EZJ<D1D1) (1)

with D1 > 0 diagonal.
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Even if the proof of Theorem [I] is presented in [2], it is interesting to sketch
its main steps. As a remark, we recall that:

— if A is a symmetric matrix, then all the eigenvalues are real and an orthogonal
matrix U exists such that

AU =UA;

— if Ais a skew-symmetric matrix, then all the eigenvalues are pure imaginary
and a unitary matrix U = [U; U;] exists such that

iy Ay
AUlU( —/11)'

Moreover, from V = v/2[Re(U;) I'm(U,)] one has

AV:VJ(A1 ) viv =1,
Ay

that is, a skew-symmetric matrix is similar to a positive definite Hamiltonian
matrix by means of an orthogonal matrix.

Proof. Let us start from the decomposition of the symmetric and positive definite
matrix S in diagonal form, that is S = QAQT, with @ orthogonal and A positive.
Then

(J9)JQ = (JQAQT)JQ = JQ(AQ"JQ)
shows that JS is similar to AQTJQ by means of the transformation matrix
JQ. Now, since the matrix A'/2QT JQA'/? is skew-symmetric, it will admit the
following similarity transformation

A2QTIQAY? =V (D1 Dl) VT, (2)

and hence

AQTIQ = A2 (A1/2QTJQA1/2> A7Y2 = (AV2V).g <D1 5 ) (AV2y)1,

1
Let U = JQAY?V. One has that
UTJU = —(VTAV2QT 1) J(JQAY2V) = VT AV2QT JQAYV 2V
D D
_vyvT 1 Ty, _ 1
=V VJ( D1>V V_J< D1>

and therefore the matrix

D—1/2 D—1/2
Z=U 1 12) :JQA1/2V< 1 _1/2
( DY prY

is symplectic and satisfies (). O
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Equation allows us to easily obtain the eigenvalues of JS as ¢A; and
—i);, where )\; is a diagonal element of D;. On the other hand, as it occurs in
the case of symmetric matrices, the above theorem cannot be used to compute
the eigenvalues numerically. For this reason, different approaches need to be
introduced.

We now observe that —S'/2.JS.JS/2 is symmetric and positive definite, then
it is possible to apply to this matrix the Lanczos algorithm, that is one should
compute a matrix Zx1 = [Z zx+1] which is defined by means of k+1 orthogonal
columns and a tridiagonal matrix T} such that

~SY2J8JS"? 2} = Z)Ti + Brgrziret
where e, is the last unit vector of IRF. Then, from Vi1 = S’_I/QZ;CH =
[Vi vg+1], one has
— H*Vi, = Vi Ty + Brs1vrtef, (3)
with V}. of size 2n x k and such that

VISV, = I. (4)
If —i);, for j = 1,...,n, are the eigenvalues of H, then the eigenvalues of H?
are —A\2, —\2, —\3,—\% ..., that is, H? has double eigenvalues with a subspace

of size 2 associated. This means that, if no breakdown has previously occurred,
this algorithm theoretically will stop after n steps, providing a tridiagonal sym-
metric and positive definite matrix T'. In fact, from

— H*V =VT, VTSV =1,, (5)

one has

—VTSH*’V =VTSVT =T

and —SH? is symmetric and positive definite.

Hence the eigenvalues of H2 may be obtained applying an algorithm for sym-
metric and positive definite matrices to a half sized matrix 7. Unfortunately, the
decomposition (B)-(H) is not stable and can be only used to compute a limited
number of extremal eigenvalues. Otherwise, it needs continue reorthogonaliza-
tions which make necessary to store all the columns of V.

Anyway, from a theoretical point of view, we derive the following symplectic
transformation which is numerically more reliable than that defined in Theorem

m

Theorem 2. Given a real Hamiltonian matric H = JS with S symmetric and
positive definite, a real symplectic matriz U exists such that

o) (1)

with T symmetric and positive definite tridiagonal matriz.
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Proof. Let
W =—-HV, (6)
from (B]) one has
HW =VT (7)
and, consequently,
T
H[VW]z[—WVT]z[VW](_I ) (8)

The matrix U = [V W] is symplectic, that is
vTgv vigw
T 777 _ —
vIv = (WTJV WTJW> =7
In fact, from (B) one has JW = SV and

VIgw =v7Isv =1
Moreover, VT JV = O since each column v; of V' may be expressed in terms of

an even polynomial of degree 2(i — 1) in H, that is v; = p;_1(H?)v1, and for any
integers ¢ and [

of Ju =] (pi—1(H?)) " Ipi—1 (H?)v1 = vf (pia—1(H))" Ipisi—1(H)vy = 0

being, for any vector v of appropriate length, v7Jv = 0. Finally, WTJW = O
for a similar reasoning. |

The above theorem states that U transforms the matrix H in a matrix

("r)

which corresponds to the tridiagonal form of symmetric matrices. This is the
simplest canonical transformation which can be computed for Hamiltonian ma-
trices and proves the existence of a canonical form for positive definite Hamilto-
nian matrices which is slightly different from the one obtained in Theorem [I In
fact, from T = Q1 D3QT, with D; diagonal and @; orthogonal, it results that
diag(Q1, Q1) is symplectic and

(o) () ()= ()= (Ts):

Now we derive an algorithm for the computation of matrices U and T in
Theorem [ Let Vj, = [vq,...,vx] and
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ay Bo

Ty = fraz ) (9)
e B

Br o

the generic row of @) is

2
—H"v; = Bjvj_1 + a;v; + Bj11vj41

and allows us to compute v;41. The coefficient §; is computed in order to have
vaSvj = 1, while «; derives from

1 1
0=0vlSvi.1=——@WI'SHw, —a;) = — v ' HT Sw; — «;),
J Jj+1 ﬂj—&-l( j J J) ﬂj-&—l( j J ])
where w; = —Hvj; in analogy with (@).
The complete algorithm to obtain the tridiagonal form is the following:

v1 arbitrary
g = (8] So1)1/2
forj=1,2,....,n
vj = 0;/B;
wj; = —HU]‘
o = ijSwj
ifj=1
'l~}j+1 = ij — QU
elseif j < n
Uj1 = Hwj — ajvj — Bjvj 1
end
Bjt1 = (6f+1517j+1)1/2
if Bj41 =0, stop
end

We observe that a; > 0 and 8; > 0. The algorithm stops before n steps if
B; = 0 (i.e., 9; = 0), that is, when 9; belongs to an invariant subspace of H?.
The vectors w; need not to be stored, while the v; are required for any reorthog-
onalization. If the above algorithm is applied to matrices JS with S nondefinite,
then f)jTSﬁj should be less than zero and the procedure breaks. A modification
of the algorithm in order to overcome this problem will be investigated in future.

3 Implicit Restarting

As observed previously, the Lanczos method is widely used to compute only a
small subset of the eigenvalues. In this case, the algorithm is stopped after a fixed
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number k of iterations, then it restarts with a different initial vector v, obtained
by the performed iterations. The idea is just to compute the new starting vector
in order to obtain, after k steps, i1 = 0, that is an invariant subspace which
allows us to compute k eigenvalues.

The implicit restarted Lanczos algorithm shows several advantages since the
storage requirement is fixed, there are no spurious eigenvalues, and deflation
techniques similar to those applied to the QR algorithm may be applied [§].

As an example, we now analyze how it is possible to apply this technique to
the Lanczos algorithm described in the previous section. Let us start from k + 2
steps of equation (B)

2 T
—H* Vi1 = Vi1 Ty + Bra2Vis2€k 11,

where ey represents the last unit vector of R**!. Then, for a given real pa-
rameter g and from Ty 41 — pul = QR we have the following equalities

(=H? = pI)Vigr = Vi1 (Trgr — pd) + Brrovis2ei g
(—H? — pI) Vi1 = Vis1QR + Brgavigacr g
(—H? = uI)(Vis1Q) = (Vig1Q)RQ + Brtovisaer Q
—H?(Viy1Q) = (Vi1 Q)(RQ + pl) + Bri2viy2ef 1 Q

where RQ + p is a symmetric and positive definite tridiagonal matrix. The last
equation cannot be however considered as obtained by a Lanczos procedure since

(10)

Brr2eti1Q = Brmrel Brral, (11)

that is, it has two elements different from zero (instead of one, see ([@)). Anyway,
equation (I0) is useful to define the vector vi” = (Vi11Q)e; (e is the first unit
vector of R*™) as the starting vector of the new Lanczos iterations. Its relation
with vy is

(—H? — pl)vy = proy

where p; is the (1,1) element of R, is obtained by applying the second equation
of (IQ) to e; and from Re; = pye;.
Let us now partition the matrices Vi11Q = [V,:r Og+1) and

RQ+pl = Q" Th1Q = <~T’j ﬁkﬂek) : (12)

ﬁk+1€£ Q1
Substitution of (1) and (I2) in the last equation of (I0) gives
T Brtiex

— H2[V, o] = [Vi© Org1 vpg] §k+1€f Qg1 | - (13)

Brriel Brio

The first k& columns of ([3) may be rewritten in the form
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- H2Vk+ = V,:'T,j + 51:;1”1:-5-165 (14)
where

1 ~ B ~
Vi1 = f(ﬁkwtlvlwrl + Br1Vkt2)
+1

and ﬁ,jﬂ is such that (U;+1)TSU;:+1 = 1. Hence equation (4] represents the
implicit application of k steps of the Lanczos algorithm to the starting vector
ot

This technique may be iterated. Starting from (I4]), we repeat one additional
step of the Lanczos iteration and then again the implicit method until ;41 = 0.

The application of p shifts i1, o, ...,y is straightforward and is used to
speed-up the computation of k eigenvalues simultaneously. We summarize its
use in the following algorithm.

compute vy, ..., V5, V41, Q1,- -, Ok, 32, ..., Brt1 Dy
means of k steps of the Lanczos algorithm
while |Br41]| is greater than a fixed tolerance
compute V41, ..., Vktp, Vktpt1s Xhtls - - - Chtps
Bi+2s - - Betp+1 by means of p additional steps
of the Lanczos algorithm
Vkp+1 = Vktp+1/ Brtpt1
construct the matrix Ty, as in (9)
choose the parameters py, f2, ..., tp
Q= Ipyp; T =Thyp
fori=1,...,p
QiRi = 2: — il
T =Q]TQ;
Q=QQ;
end
define gr1p i as the (k+ p, k) element of Q

define By41 as the (k + 1,k) element of T

Brtpt1 = Brtp+1Qh+p.k
[Vk+ Vol = Vip@ .
define 911 as the first column of V,,
define vy, ..., v, as the k columns of V,:r
Ukt1 = Br10k+1 + Brtp+1Vk+p+1
define ay,...,ar and Ba,. .., B as the main diagonal
and the lower diagonal of T’
Bret1 = (Tp+150p41) /2
end



A Symplectic Lanczos-Type Algorithm to Compute the Eigenvalues 147

The matrix-by-matrix operations are not expensive since k and p are small
with respect to n. This means that the computational cost of the overall algo-
rithm depends only on the number of iterates in the Lanczos method.

The choice of the parameters 1 gives rise to different strategies. For example,
if we set p;, 5 = 1,...,p, as p of the eigenvalues of T}, that is, if we use the

exact shift selection strategy [12], then T has the following structure

T
D, )’

where D), is diagonal with p1, ...y, as main diagonal entries. This strategy gives
good results, especially when used to compute the largest eigenvalues in modulus
of the positive definite Hamiltonian matrix.

4 Conclusions

The Lanczos process has been modified in order to compute the eigenvalues of
positive definite Hamiltonian matrices. The obtained algorithm is symplectic
and requires half of the workspace of the original algorithm. Moreover, since
the procedure gives a symmetric and positive definite matrix, known techniques
for this class of matrices (for example, the implicit restarting) can be used to
improve the computation.
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